Sasaki-Einstein Manifolds 

James Sparks 



A Sasaki-Einstein manifold is a Riemannian manifold (S, g) that is both 
Sasakian and Einstein. 

Sasakian geometry is the odd-dimensional cousin of Kahler geometry. 
Indeed, just as Kahler geometry is the natural intersection of complex, sym- 
plectic, and Riemannian geometry, so Sasakian geometry is the natural in- 
tersection of CR, contact, and Riemannian geometry. Perhaps the most 
straightforward definition is the following: a Riemannian manifold (S, g) 
is Sasakian if and only if its metric cone (C(S) = M>o x S,g = dr 2 + r 2 g) 
is Kahler. In particular, (S,g) has odd dimension 2n — 1, where n is the 
complex dimension of the Kahler cone. 

A metric g is Einstein if Ric ff = Xg for some constant A. It turns out 
that a Sasakian manifold can be Einstein only for A = 2(n — 1), so that g has 
positive Ricci curvature. Assuming, as we shall do throughout, that (S,g) 
is complete, it follows from Myers' Theorem that S is compact with finite 
fundamental group. Moreover, a simple calculation shows that a Sasakian 
metric g is Einstein with Ric 9 = 2(n — l)g if and only if the cone metric 
g is Ricci-flat, Ricg = 0. It immediately follows that for a Sasaki-Einstein 
manifold the restricted holonomy group of the cone Hol°(g) C SU(n). 

The canonical example of a Sasaki-Einstein manifold is the odd dimen- 
sional sphere S 2n ~ l , equipped with its standard Einstein metric. In this 
case the Kahler cone is C n \ {0}, equipped with its flat metric. 

A Sasakian manifold (S, g) inherits a number of geometric structures 
from the Kahler structure of its cone. In particular, an important role 
is played by the Reeb vector field. This may be defined as £ = J(rd r ), 
where J denotes the integrable complex structure of the Kahler cone. The 
restriction of ( to S = {r = 1} = {1} x S C C(S) is a unit length Killing 
vector field, and its orbits thus define a one-dimensional foliation of S called 
the Reeb foliation. There is then a classification of Sasakian manifolds, and 
hence also Sasaki-Einstein manifolds, according to the global properties of 
this foliation. If all the orbits of £ are compact, and hence circles, then £ 
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integrates to a locally free isometric action of U(l) on (S,g). If this action 
is free, then the Sasakian manifold is said to be regular; otherwise it is said 
to be quasi-regular. On the other hand, if £ has a non-compact orbit the 
Sasakian manifold is said to be irregular. 

For the purposes of this introduction it is convenient to focus on the case 
of dimension 5 (n = 3), since this is the lowest non-trivial dimension. Prior 
to the 21st century, the only known examples of Sasaki-Einstein 5-manifolds 
were regular. As we shall explain, a regular Sasaki-Einstein manifold is the 
total space of a principal 17(1) bundle over a Kahler-Einstein manifold of 
positive Ricci curvature. The classification of such Fano Kahler-Einstein 
surfaces due to Tian-Yau then leads to a classification of all regular Sasaki- 
Einstein 5-manifolds. Passing to their simply-connected covers, these are 
connected sums S 5 #k(S 2 x S 3 ) where k = 0,1,3,4,5,6,7,8. For each of 
k = 0, 1,3,4 there is a unique such regular Sasaki-Einstein structure, while 
for 5 < k < 8 there are continuous families of complex dimension 2(k — 
4). However, before 2001 it was not known whether quasi-regular Sasaki- 
Einstein 5-manifolds existed, and indeed there was even a conjecture that 
irregular Sasaki-Einstein manifolds do not exist. 

The progress over the last decade has been dramatic. Again, focusing 
on dimension 5, it is now known that there exist Sasaki-Einstein structures 
on #k(S 2 x S 3 ) for all values of k. These include infinitely many toric 
Sasaki-Einstein metrics, meaning that the torus T 3 acts isometrically on 
the Sasakian structure, for every value of k. Indeed, for k = 1 these met- 
rics are known completely explicitly, giving countably infinite families of 
quasi-regular and irregular Sasaki-Einstein structures on S 2 x S 3 . The list 
of Sasaki-Einstein structures on #k(S 2 x S 3 ) also includes examples with 
the smallest possible isometry group, namely the T = U(l) generated by 
a quasi-regular Reeb vector field. In particular, there are known to exist 
infinitely many such structures for every k, except k = 1,2, and these often 
come in continuous families. Moreover, S 5 itself admits at least 80 inequiva- 
lent quasi-regular Sasaki-Einstein structures. Again, some of these come in 
continuous families, the largest known having complex dimension 5. There 
are also quasi-regular Sasaki-Einstein metrics on 5-manifolds which are not 
connected sums of S 2 x S 3 , including infinitely many rational homology 
5-spheres, as well as infinitely many connected sums of these. Similar abun- 
dant results hold also in higher dimensions. In particular, all 28 oriented 
diffeomorphism classes on S 7 admit Sasaki-Einstein metrics. 

In this article I will review these developments, as well as other results 
not mentioned above. It is important to mention those topics that will not 
be covered. As in Kahler geometry, one can define extremal Sasakian metrics 
and Sasaki-Ricci solitons. Both of these generalize the notion of a Sasaki- 
Einstein manifold in different directions. Perhaps the main reason for not 
discussing these topics, other than reasons of time and space, is that so far 
there are not any obvious applications of these geometries to supergravity 
theories and string theory, which is the author's main interest. 
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The article is arranged as follows. Section [I] is a review of all the nec- 
essary background in Sasakian geometry; section [2] covers regular Sasaki- 
Einstein manifolds; section [3] describes the construction of quasi-regular 
Sasaki-Einstein structures, focusing in particular on links of weighted homo- 
geneous hypersurface singularities; in section |4] we describe what is known 
about explicit constructions of Sasaki-Einstein manifolds; section [5] covers 
toric Sasakian geometry and the classification of toric Sasaki-Einstein man- 
ifolds; section [6] describes obstructions; and section [7] concludes with some 
open problems. 

Acknowledgements. I would like to thank Charles Boyer for comments 
on the first version of this article. 

1. Sasakian geometry 

1.1. Sasakian basics. We begin with an introduction to Sasakian ge- 
ometry. Many of the results here are elementary and follow almost imme- 
diately from the definitions. The reader is referred to |14L 148 1. 175] or the 
recent monograph |21j for detailed proofs. 

Definition 1.1. A compact Riemannian manifold (S, g) is Sasakian if and 
only if its metric cone (C(S) = R>o x S,g = dr 2 + r 2 g) is Kahler. 

It follows that S has odd dimension 2n — 1 , where n denotes the complex 
dimension of the Kahler cone. Notice that the Sasakian manifold (S, g) is 
naturally isometrically embedded into the cone via the inclusion S = {r = 
1} = {1} x S C C(S). We shall often regard S as embedded into C(S) this 
way. There is also a canonical projection p : C(S) — > S which forgets the r 
coordinate. Being Kahler, the cone (C(S),g) is equipped with an integrable 
complex structure J and a Kahler 2- form uj, both of which are parallel 
with respect to the Levi-Civita connection V of g. The Kahler structure of 
(C(S),g), combined with its cone structure, induces the Sasakian structure 
on S = {1} x S C C(S). 

The following equations are useful in proving many of the formulae that 
follow: 

(1.1) V rdr (rd r ) = rd r , V rdr X = V x (rd r ) = X , 

V X Y = V X Y -g(X,Y)rd r . 

Here X and Y denote vector fields on S, appropriately interpreted also as 
vector fields on C(S), and V is the Levi-Civita connection of g, . 

The canonical vector field rd r is known as the homothetic or Euler vector 
field. Using the relations (jl.ip . together with the fact that J is parallel, 
VJ = 0, one easily shows that rd r is real holomorphic, C r g r J = 0. It is then 
natural to define the characteristic vector field 



(1.2) 



t = J (rd r ) 
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Again, elementary calculations show that £ is real holomorphic and also 
Killing, C^g = 0. Moreover, £ is clearly tangent to surfaces of constant r 
and has square length = r 2 . 

We may similarly define the 1-form 

(1.3) rj = d c log r = i(B — d) log r , 

where as usual d c = Jod denotes the composition of exterior derivative with 
the action of J on 1-forms, and d, d are the usual Dolbeault operators, with 
d = d + d. It follows straightforwardly from the definition that 

(1.4) r?(0 = 1, i^dr, = . 

Here we have introduced the interior contraction: if a is a (p + l)-form 
and X a vector field then ixcx is the p-iorm defined via ixct(X\, . . . ,X p ) = 
a(X, X±, . . . , X p ). Moreover, it is also clear that 

(1.5) V (X) = Iff (J(rd r ),X) = lff(£, X) . 

Using this last formula one can show that the Kahler 2- form on C(S) is 

(1.6) u = -d(r 2 r/) = -iddr 2 . 

The function ^r 2 is hence a global Kahler potential for the cone metric. 

The 1-form r\ restricts to a 1-form rj \s on S C C(S). One checks from 
£rd r V = that in fact rj = p*(j] |s). In a standard abuse of notation, we shall 
then not distinguish between the 1-form rj on the cone and its restriction 
to the Sasakian manifold r/ |g. Similar remarks apply to the Reeb vector 
field £: by the above comments this is tangent to S, where it defines a unit 
length Killing vector field, so <?(£,£) = 1 and C^g = 0. Notice from (II. 5p 
that rj(X) = <?(£, X) holds for all vector fields X on S. 

Since the Kahler 2-form u is in particular symplectic, it follows from 
(jl.6p that the top degree form r\ A (dr/) n_1 on S is nowhere zero; that is, 
it is a volume form on S. By definition, this makes r] a contact 1-form on 
S. Indeed, the open symplectic manifold (C(S) = M>o x S, u = ^d(r 2 77)) 
is called the symplectization of the contact manifold (S,rj). The relations 
?7(£) = 1, i^drj = from (ll.4h imply that £ is the unique Reeb vector field 
for this contact structure. We shall hence also refer to £ as the Reeb vector 
field of the Sasakian structure. 

The contact subbundle D C TS is defined as D = kerry. The tangent 
bundle of S then splits as 

(1.7) TS = D®L^, 

where denotes the line tangent to £. This splitting is easily seen to be 
orthogonal with respect to the Sasakian metric g. 
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Next define a section <3? of End(TS') via <]? \d= J \d, <& |^ e = 0. Using 
J 2 = — 1 and that the cone metric g is Hermitian one shows that 

(1.8) $ 2 = -1 + r? O e , 

(1.9) g($(X),$(Y)) = g(X,Y)- V (X) V (Y) , 

where X, Y are any vector fields on S. In fact a triple (rj,£, with 77 a 
contact 1-form with Reeb vector field £ and a section of End(T5) satisfying 
(II. 8p . is known as an almost contact structure. This implies that (D,Jd = 
<3? |d) defines an almost CR structure. Of course, this has been induced by 
embedding S as a real hypersurface {r = 1} in a complex manifold, so this 
almost CR structure is of hypersurface type (the bundle D has rank one less 
than that of TS) and is also integrable. The Levi form may be taken to be 
^iddr 2 , which is the Kahler form of the cone (|1.6|) . Since this is positive, 
by definition we have a strictly pseudo-convex CR structure. The second 
equation (jl.9p then says that g \d is a Hermitian metric on D. Indeed, an 
almost contact structure (77, £, <&) together with a metric g satisfying (jl.9p 
is known as a metric contact structure. Sasakian manifolds are thus special 
types of metric contact structures, which is how Sasaki originally introduced 
them [91] . Since 

g(X,Y) = ^dr,(X,^(Y))+r,(X)r,{Y) , 

we see that ^dr? \d is the fundamental 2-form associated to g \d- The contact 
subbundle D is symplectic with respect to this 2-form. 
The tensor $ may also be defined via 

$(X) = V X £ • 

This follows from the last equation in (jl.ip . together with the calculation 
V^^ = Vjc (J (rd r )) = J(X). Then a further calculation gives 

(1.10) (V x $)Y = g(Z,Y)X-g{X,Y)S, 

where X and Y are any vector fields on S. This leads to the following equiv- 
alent definitions of a Sasakian manifold |14j . the first of which is perhaps 
the closest to the original definition of Sasaki [91j . 

Proposition 1.2. Let (S,g) be a Riemannian manifold, with V the Levi- 
Civita connection of g and R(X, Y) the Riemann curvature tensor. Then 
the following are equivalent: 

(1) There exists a Killing vector field £ of unit length so that the tensor 
field &(X) = VxS, satisfies $1.101) for any pair of vector fields X, 
Y on S. 

(2) There exists a Killing vector field £ of unit length so that the Rie- 
mann curvature satisfies 

R(X,Z)Y = g(Z,Y)X-g(X,Y)S , 

for any pair of vector fields X, Y on S. 
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(3) The metric cone (C(S),g) = (M>o x S, dr 2 + r 2 g) over S is Kahler. 

The equivalence of (1) and (2) follows from an elementary calculation 
relating (Vx$)F to R(X, £)Y. We have already sketched the proof that 
(3) implies (1). To show that (1) implies (3) one defines an almost complex 
structure J on C(S) via 

J (rd r ) = £ , J(X) = $(X) - 7](X)rd r , 

where X is a vector field on S, appropriately interpreted as a vector field 
on C(S), and r/(X) = g(£,X). It is then straightforward to check from the 
definitions that the cone is indeed Kahler. 

We may think of a Sasakian manifold as the collection S = (S, g, r/, £, 3>). 
As mentioned, this is a special type of metric contact structure. 

1.2. The Reeb foliation. The Reeb vector field £ has unit length on 
(5 1 , g) and in particular is nowhere zero. Its integral curves are geodesies, 
and the corresponding foliation J-^ is called the Reeb foliation. Notice that, 
due to the orthogonal splitting (|1.7p . the contact subbundle D is the normal 
bundle to J-^. The leaf space is clearly identical to that of the complex 
vector field £ — iJ(£) = £ + ir<9 r on the cone C(S). Since this complex vector 
field is holomorphic, the Reeb foliation thus naturally inherits a transverse 
holomorphic structure. In fact the leaf space also inherits a Kahler metric, 
giving rise to a transversely Kahler foliation, as we now describe. 

Introduce a foliation chart {U a } on S, where each U a is of the form 
U a = IxV a with / Clan open interval and V a C C n_1 open. We may intro- 
duce coordinates (x, Z\, . . . , 2 n _i) on U a , where £ = d x and z%, . . . , z n _i are 
complex coordinates on V a . The fact that the cone is complex implies that 
the transition functions between the V a are holomorphic. More precisely, if 
Up has corresponding coordinates (y, w±, . . . , w n -i), with U a n Up ^ 0, then 



dwj dy 

Recall that the contact subbundle D is equipped with the almost complex 
structure Jjj , so that on D <8> C we may define the ±i eigenspaces of Jo as 
the (1,0) and (0,1) vectors, respectively. Then in the above foliation chart 
U a , (D <g> C) (1 ' 0) is spanned by 

d Zl -rj{d Zi )i . 

Since £ is a Killing vector field, and so preserves the metric g, it follows 
that g \d gives a well-defined Hermitian metric g^ on the patch V a by 
restricting to a slice {x = constant}. Moreover, (|1.4|) implies that 

dr/ [d Zi - r] (d Zi )£, d- Zj - q (d 2j ) £) = dr/ (d Zt , d Zj ) . 

The fundamental 2-form oj^ for the Hermtian metric g^ in the patch V a is 
hence equal to the restriction of \drj to a slice {a; = constant}. Thus 
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is closed, and the transverse metric is Kahler. Indeed, in the chart U a 
notice that we may write 

n— 1 n— 1 

T) = dx + i ^2 d Zi K a dzi - i ^ d^Kadzi , 
%=l i=i 

where K a is a function on U a with d x K a = 0. The local function Xq, is 
a Kahler potential for the transverse Kahler structure in the chart U a , as 
observed in |56j . Such a structure is called a transversely Kahler foliation. 
We denote the collection of transverse metrics by g T = Although g T 

so defined is really a collection of metrics in each coordinate chart, notice 
that we may identify it with the global tensor field on S defined via 

g T (XX) = \MX^(Y)) . 

That is, the restriction of g T to a slice {x = constant} in the patch U a 
is equal to g^- Similarly, the transverse Kahler form uj t may be defined 
globally as \dr). 

The basic forms and basic cohomology of the Reeb foliation J 7 ^ play an 
important role (for further background, the reader might consult |104j ): 

Definition 1.3. A p-form a on 5 is called basic if 

i^a = , C^a = . 

We denote by A^ the sheaf of germs of basic p-forms and £l p B the set of 
global sections of A^ . 

If a is a basic form then it is easy to see that da is also basic. We 
may thus define ds = d \q* , so that ds : — > &b +1 - ^he corresponding 
complex (r^,d#) is called the basic de Rham complex, and its cohomology 
iJ^(J^) the basic cohomology. 

Let U a and Up be coordinate patches as above, with coordinates adapted 
to the Reeb foliation (a;, z\, . . . , 2 n -i) an d {y, w i> ■ ■ ■ > Wn-i), respectively. 
Then a form of Hodge type (p, q) on U a 

a = a.- ...a ...i dzi, A • • • A dz; A dz~, A • • • A dzi. , 

z l l pJl Jq 1 P Jl Jq 1 

is also of type (p,q) with respect to the Wi coordinates on Up. Moreover, 
if a is basic then a^..^ j v ..j is independent of x. There are hence globally 
well-defined Dolbeault operators 

d B : fi™->fi^, 

9 B : Q™^Q™ +1 . 

Both are nilpotent of degree 2, so that one can define the basic Dolbeault 
complex (£I p, *,8b) and corresponding cohomology groups H P B ^{F^). These 
invariants of the Reeb foliation are important invariants of the Sasakian 
manifold. Clearly d# = &b + 9b, and we may similarly define the operator 
d% = i{d B - d B ). 
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In each local leaf space V a we may define the Ricci forms as p a = 
— i<9<91ogdet g£. These are the (l,l)-forms associated to the Ricci tensors 
Ric^ of via the complex structure, in the usual way. Via pull-back to 
U a under the projection U a — >■ V a that identifies points on the same Reeb 
orbit, one sees that these patch together to give global tensors p T and Ric T 
on S, just as was the case for the transverse Kahler form and metric. In 
particular, the transverse Ricci form p T is a global basic 2-form of Hodge 
type (1,1) which is closed under d#. The corresponding basic cohomology 
class [p T /27r] is denoted by cf (J-g) € H l g l {F^), or simply cf , and is called 
the basic first Chern class of Again, this is an important invariant of 
the Sasakian structure. We say that cf > or cf < if cf or — cf is 
represented by a transverse Kahler form, respectively. In particular, the 
Sasakian structure will be called transverse Fano if cf > 0. 

Thus far we have considered a fixed Sasakian manifold S = (S, g, rj, £, $). 
It will be important later to understand how one can deform such a structure 
to another Sasakian structure on the same manifold S. Since a Sasakian 
manifold and its corresponding Kahler cone have several geometric struc- 
tures, one can fix some of these whilst deforming others. An important 
class of such deformations, which are analogous to deformations in Kahler 
geometry, is summarized by the following result: 

Proposition 1.4. Fix a Sasakian manifold S = (S,g,r/, Then any 
other Sasakian structure on S with the same Reeb vector field £, the same 
holomorphic structure on the cone C(S) = M>o x S, and the same trans- 
versely holomorphic structure of the Reeb foliation J-^ is related to the orig- 
inal structure via the deformed contact form rj = rj + d^(p, where <p is a 
smooth basic function that is sufficiently small. 

Proof. The proof is straightforward. We fix the holomorphic structure 
on the cone, but replace r by r' = rexp<^>, where \ {r') 2 will be the new 
global Kahler potential for the cone metric. Since J and £ are held fixed, 
from (|1.2p we have r'd r i = rd r , which implies that is a function on S. The 
new metric on C(S) will be g'(X, Y) = uj'(X, JY) where (J = ^iddr' . Since 
rd r is holomorphic, it is clear that g' is homogeneous degree 2. Moreover, 
one easily checks that the necessary condition C^r' = 0, which means that 
(f) is basic, implies that g' is also a cone. Then 

n' = d c log r' = n + d c B (j) . 

For small enough cp, rj A(dr/) n_1 is still a volume form on S' = {r' = 1} = S, 
or in other words u' is still non-degenerate on the cone, and similarly g' will 
be a non-degenerate metric. Thus we have defined a new Kahler cone, and 
hence new Sasakian structure. 

This deformation is precisely a deformation of the transverse Kahler 
metric, holding fixed its basic cohomology class in (^)- Indeed, clearly 
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In fact the converse is also true by the transverse dd lemma proven in |43j, 
which is thus an equivalent way to characterize these transverse Kdhler 
deformations. Notice that the basic first Chern class of (J-?) is invariant 
under such deformations, although the contact subbundle D will change. □ 

Later we shall also consider deforming the Reeb vector field £ whilst 
holding the holomorphic structure of the cone fixed. 

1.3. Regularity. There is a classification of Sasakian manifolds ac- 
cording to the global properties of the Reeb foliation F^. If the orbits of 
the Reeb vector field £ are all closed, and hence circles, then £ integrates 
to an isometric £7(1) action on (S,g). Since £ is nowhere zero this action is 
locally free; that is, the isotropy group of every point in S is finite. If the 
£7(1) action is in fact free then the Sasakian structure is said to be regular. 
Otherwise, it is said to be quasi-regular. If the orbits of £ are not all closed 
the Sasakian structure is said to be irregular. In this case the closure of the 
1-parameter subgroup of the isometry group of (S, g) is isomorphic to a torus 
T k , for some positive integer k called the rank of the Sasakian structure. In 
particular, irregular Sasakian manifolds have at least a T 2 isometry. 

In the regular or quasi-regular case, the leaf space Z = S/J 7 ^ = S/U(l) 
has the structure of a compact manifold or orbifold, respectively. In the 
latter case the orbifold singularities of Z descend from the points in S with 
non-trivial isotropy subgroups. Notice that, being finite subgroups of £7(1), 
these will all be isomorphic to cyclic groups. The transverse Kahler structure 
described above then pushes down to a Kahler structure on Z, so that Z is 
a compact complex manifold or orbifold equipped with a Kahler metric h. 

Digression on orbifolds. The reader will not need to know much about 
orbifolds in order to follow this article. However, we briefly digress here 
to sketch some basics, referring to |14| or |21| for a much more detailed 
account in the current context. 

Just as a manifold M is a topological space that is locally modelled on 
R fc , so an orbifold is a topological space locally modelled on M fc /T, where T 
is a finite group of diffeomorphisms. The local Euclidean charts {£7j, ipi} of a 
manifold are replaced with local uniformizing systems {£7,, Tj, <pi}. Here £7, 
is an open subset of M fc containing the origin; Tj is, without loss of generality, 
a finite subgroup of 0(k) acting effectively on M fc ; and cpt : £7j — > £7j is a 
continuous map onto the open set £7 C M such that (pi o j = ip i for all 
7 € Ti and the induced map Ui/Yi — > Ui is a homeomorphism. These charts 
are then glued together in an appropriate way. The groups Ti are called 
the local uniformizing groups. The least common multiple of the orders 
of the local uniformizing groups Ti, when it is defined, is called the order 
of M and denoted ord(M). In particular, M is a manifold if and only if 
ord(M) = 1. One can similarly define complex orbifolds, where one may 
take the I\ C U(k) acting on C fe . 
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If x € M is point and p = (p i (x) then the conjugacy class of the isotropy 
subgroup T p C Tj depends only on x, not on the chart C7j. One denotes this 
T x , so that the non-singular points of M are those for which T x is trivial. 
The set of such points is dense in M. In the case at hand, where M is 
realized as the leaf space Z of a quasi-regular Reeb foliation, T x is the same 
as the leaf holonomy group of the leaf x. 

For orbifolds the notion of fibre bundle is modified to that of a fibre 
orbibundle. These consist of bundles over the local uniformizing neighbour- 
hoods JJi that patch together in an appropriate way. In particular, part of 
the data specifying an orbibundle with structure group G are group homo- 
morphisms hi £ Hom(Tj,G'). The local uniformizing systems of an orbifold 
are glued together with the property that if 4>ji : JJi — > JJj is a diffeomor- 
phism into its image then for each ji G Tj there is a unique jj € Tj such that 
<i>ji ° 7i = 7j ° <i>ji- The patching condition is then that if Bi is a fibre bundle 
over JJi there should exist a corresponding bundle map 4>\j '■ Bj \<t>--(u-)~^ 
such that hi("fi) o <j)*- = <f>*- o hji^fj). Of course, by choosing an appropriate 

refinement of the cover we may assume that Bi = JJi x F where F is the fibre 
on which G acts. The total space is then itself an orbifold in which the Bi 
may form the local uniformizing neighbourhoods. The group Tj acts on Bi 
by sending (pi, f) £ JJi x F to (j~ 1 Pi, fhi(^)), where 7 € IV Thus the local 
uniformizing groups of the total space may be taken to be subgroups of the 
Tj. In particular, when F = G is a Lie group so that we have a principal 
G orbibundle, then the image /tj(Tj) acts freely on the fibre. Thus provided 
the group homomorphisms hi inject into the structure group G, the total 
space will in fact be a smooth manifold. This will be important in what 
follows. 

The final orbinotion we need is that of orbifold cohomology, introduced 
by Haefhger |58| . One may define the orbibundle P of orthonormal frames 
over a Riemannian orbifold (M,g) in the usual way. This is a principal 
0(n) orbibundle, and the discussion in the previous paragraph implies that 
the total space P is in fact a smooth manifold. One can then introduce 
the classifying space BM of the orbifold in an obvious way by defining 
BM = (EO(n) x P)/0(n), where EO{n) denotes the universal 0(n) bundle 
and the action of 0(n) is diagonal. One then defines the orbifold homology, 
cohomology and homotopy groups as those of BM, respectively. In particu- 
lar, the orbifold cohomology groups are denoted H* rh (M,Z) = H*(BM,Z), 
and these reduce to the usual cohomology groups of M when M is a man- 
ifold. The projection BM — >• M has generic fibre the contractible space 
EO(n), and this then induces an isomorphism H*,(M, R) — > H*(M,M). 
Typically integral classes map to rational classes under the natural map 
H* rh (M,Z) -)• H* OTh (M,R) ^ H*(M,R). 

Returning to Sasakian geometry, in the regular or quasi-regular case 
the leaf space Z = S/F^ = S/U(l) is a manifold or orbifold, respectively. 



SASAKI-EINSTEIN MANIFOLDS 



11 



The Gysin sequence for the corresponding U(l) (orbi)bundle then implies 
that the projection map ir : S — > Z gives rise to a ring isomorphism tt* : 
H*(Z, R) = H* B (F^), thus relating the cohomology of the leaf space Z to 
the basic cohomology of the foliation. 

We may now state the following result [15] : 

Theorem 1.5. Let S be a compact regular or quasi-regular Sasakian man- 
ifold. Then the space of leaves of the Reeb foliation F^ is a compact Kahler 
manifold or orbifold (Z,h,ojz, Jz), respectively. The corresponding projec- 
tion 

n:(S,g)^(Z,h) , 
is a (orbifold) Riemannian submersion, with fibres being totally geodesic 
circles. Moreover, the cohomology class [ujz] is proportional to an integral 
class in the (orbifold) cohomology group H 2 rh (Z,Z). 

In either the regular or quasi-regular case, ujz is a closed 2-form on 
Z which thus defines a cohomology class [uiz] € H 2 (Z, R). In the reg- 
ular case, the projection tt defines a principal U(l) bundle, and ujz is 
proportional to the curvature 2-form of a unitary connection on this bun- 
dle. Thus [ujz] is proportional to a class in the image of the natural map 
H 2 (Z,Ij) — > H 2 (Z,~R), since the curvature represents 2ttc\ where c\ denotes 
the first Chern class of the principal U(l) bundle. In the quasi-regular case, 
the projection tt is instead a principal U (1) orbibundle, with ujz again pro- 
portional to a curvature 2-form. The orbifold cohomology group H 2 r i (Z,'L) 
classifies isomorphism classes of principal U(l) orbibundles over an orbifold 
Z, just as in the regular manifold case the first Chern class in H 2 (Z, Z) 
classifies principal U(l) bundles. The Kahler form ujz then defines a coho- 
mology class \jJz\ £ H 2 (Z, R) which is proportional to a class in the image 
of the natural map H 2 rh (Z,Z) -> H 2 rh (Z,R) H 2 (Z,R). 

A Kahler manifold or orbifold whose Kahler class is proportional to an 
integral cohomology class in this way is called a Hodge orbifold. There is 
no restriction on this constant of proportionality in Sasakian geometry: it 
may be changed via the D-homothetic transformation defined in the next 
section. 

The converse is also true [15] : 

Theorem 1.6. Let (Z,h) be a compact Hodge orbifold. Let tt : S — > Z be a 
principal U(l) orbibundle over Z whose first Chern class is an integral class 
defined by [ujz], and let rj be a 1-form on S with dr/ = 2tt*ujz (fj is then 
proportional to a connection 1-form). Then (S,7T*h + rj rj) is a Sasakian 
orbifold. Furthermore, if all the local uniformizing groups inject into the 
structure group U(l) (the hi € Hom(rj, U(l)) are all injective), then the 
total space S is a smooth manifold. 

We close this subsection by noting that 
(1.11) i^ = -^dr 2 , 
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where recall that to is the Kahler form on the cone (C(S),g). Thus \r 2 
is precisely the Hamiltonian function for the Reeb vector field £. In the 
regular /quasi-regular case the Kahler manifold/orbifold (Z,h,u>z, Jz) m &y 
then be viewed as the Kahler reduction of the Kahler cone with respect to 
the corresponding Reeb U(l) action. 

1.4. The Einstein condition. We begin with the following more gen- 
eral definition: 

Definition 1.7. A Sasakian manifold S = (S,g, r/, £, $) is said to be rj- 
S as aki- Einstein if there are constants A and v such that 

Ric 9 = \g + vr] <S> r] . 

An important fact is that \ + v = 2(n — 1). This follows from the second 
condition in Proposition 11.21 which implies that for a Sasakian manifold 
Ric 9 (£, £) = 2(n — 1). In particular, Sasaki-Einstein manifolds, with v = 0, 
necessarily have A = 2(n — 1). 

Definition 1.8. A Sasaki-Einstein manifold is a Sasakian manifold (S,g) 
with Ric 5 = 2(n — l)g. 

It is easy to see that the ?7-Sasaki-Einstein condition is equivalent to 
the transverse Kahler metric being Einstein, so that Ric T = Kg T for some 
constant k. To see the equivalence one notes that 

(1.12) Ric g (X, Y) = Ric T (A, Y) - 2g T (X, Y) , 

where X, Y are vector fields on the local leaf spaces {V a } and X, Y are lifts 
to D. Then Ric T = ng T together with (II. 12ft implies that 

Ric 9 = (k — 2)g + (2n — k)tj ® r\ . 

Given a Sasakian manifold S one can check that for a constant a > 
the rescaling 

(1.13) g' = ag + (a 2 - a)r] <g) rj , rf = aq , (,' = -£, = $ , 

a 

gives a Sasakian manifold (S, g' , r/', with the same holomorphic struc- 

ture on C(S), but with r' = r a . This is known as a D-homothetic trans- 
formation [97] . Using the above formulae, together with the fact that the 
Ricci tensor is invariant under scaling the metric by a positive constant, 
it is then straightforward to show that if S = (S,g,r],£,$>) is 77-Sasaki- 
Einstein with constant A > —2, then a D-homothetic transformation with 
a = (A + 2)/2n gives a Sasaki-Einstein manifold. Thus any Sasakian struc- 
ture which is transversely Kahler-Einstein with k > may be transformed 
via this scaling to a Sasaki-Einstein structure. 

The Sasaki-Einstein case may be summarized by the following: 

Proposition 1.9. Let (S,g) be a Sasakian manifold of dimension 2n — 1. 
Then the following are equivalent 
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(1) (S, g) is Sasaki- Einstein with Ric 9 = 2(n — l)g. 

(2) The Kahler cone (C(S),g) is Ricci-flat, Ric§ = 0. 

(3) The transverse Kahler structure to the Reeb foliation J 7 ^ is Kdhler- 
Einstein with Ric T = 2ng T . 

It immediately follows that the restricted holonomy group Hol°(</) C 
SU(n). Notice that a Sasaki-Einstein 3-manifold has a universal covering 
space which is isometric to the standard round sphere, so the first interesting 
dimension is n = 3, or equivalently real dimension dim S = 5. 

Since p T represents 27rcf (7^) € Hg (^), clearly a necessary condi- 
tion for a Sasakian manifold to admit a transverse Kahler deformation to 
a Sasaki-Einstein structure, in the sense of Proposition 11.44 is that cf = 
cf (J^) > 0. Indeed, we have the following result, formalized in |48j : 

Proposition 1.10. The following necessary conditions for a Sasakian man- 
ifold S to admit a deformation of the transverse Kahler structure to a Sasaki- 
Einstein metric are equivalent: 

(1) cf = a[drj\ £ H l ^ l (T^) for some positive constant a. 

(2) cf > and c x (D) = € H 2 (S,R). 

(3) For some positive integer £ > 0, the tth power of the canonical line 
bundle admits a nowhere vanishing holomorphic section Q. 
with C^p, = inQ. 

As described in [106j . the space X = C(S)L){r = 0}, obtained by adding 
the cone point at {r = 0} to C(S) = K>o x 5, can be made into a complex 
analytic space in a unique way. In fact it is simple to see that X is Stein, 
and the point o = {r = 0} € X is an isolated singularity. Then (3) above 
implies that, by definition, X is ^-Gorenstein: 

Definition 1.11. An analytic space X with an isolated singularity o£l 
is said to be l-Gorenstein if K^^y is trivial. In particular, if t = 1 one 
says that X is Gorenstein. 

Proof. (Proposition ll.lOp The equivalence of (1) and (2) follows im- 
mediately from the long exact sequence 1 04 relating the basic cohomology 
of the foliation J 7 ^ to the cohomology of S (see [48 ). The Ricci form p of 
the cone (C(S),g) is related to the transverse Ricci form, by an elemen- 
tary calculation, via p = p T — ndrj. Here we are regarding p T as a global 
basic 2-form on S, pulled back to the cone C(S). If condition (1) holds 
then by the above comments there is a .D-homothetic transformation so 
that [p T ] = n[drj] G H^(T^. It now follows from the transverse dd lemma 
|43| that there is a smooth function / on C{S) with rd r f = £/ = and 
p = iddf (f is the pull-back of a basic function on S). But now e^ui n /n\ 
defines a flat metric on Kq^, where recall that u is the Kahler form for g. 
It follows that there is a holomorphic section $7 of Kq, s s, for some positive 
integer i > 0, with ||Q|| = 1. Using the fact that / is invariant under rd r 
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and that uj is homogeneous degree 2, the equality of volume forms 
^(_l)n(n-l)/2 OA ^ = e /^ 

2 nK ' n! ' 

implies that C r g r Q = nQ. □ 

1.5. 3-Sasakian manifolds. In dimensions of the form n = 2p, so 
dimS" = Ap — 1, there exists a special class of Sasaki-Einstein manifolds 
called 3-Sasakian manifolds: 

Definition 1.12. A Riemannian manifold (S, g) is 3-Sasakian if and only 
if its metric cone (C(S) = R>o x S,g = dr 2 + r 2 g) is hyperKahler. 

This implies that the cone has complex dimension n = 2p, or real di- 
mension 4p, and that the holonomy group Hol(g) C Sp(p) C SU(2p). Thus 
3-Sasakian manifolds are automatically Sasaki-Einstein. The hyperKahler 
structure on the cone descends to a 3-Sasakian structure on the base of the 
cone (S,g). In particular, the triplet of complex structures gives rise to a 
triplet of Reeb vector fields ^> £3) whose Lie brackets give a copy of the 
Lie algebra su(2). There is then a corresponding 3-dimensional foliation, 
whose leaf space is a quaternionic Kahler manifold or orbifold. This extra 
structure means that 3-Sasakian geometry is rather more constrained, and 
it is somewhat more straightforward to construct examples. In particular, 
rich infinite classes of examples were produced in the 1990s via a quotient 
construction (essentially the hyperKahler quotient). A review of those de- 
velopments was given in a previous article in this journal series |14j . with 
a more recent account appearing in [19]. We note that the first non-trivial 
dimension for a 3-Sasakian manifold is dim S = 7, and also that 3-Sasakian 
manifolds are automatically regular or quasi-regular as Sasaki-Einstein man- 
ifolds (indeed, the first quasi-regular Sasaki-Einstein manifolds constructed 
were 3-Sasakian 7- manifolds) . We will therefore not discuss 3-Sasakian ge- 
ometry any further in this article, but focus instead on the construction of 
Sasaki-Einstein manifolds that are not 3-Sasakian. 

1.6. Killing spinors. For applications to supergravity theories one 
wants a slightly stronger definition of Sasaki-Einstein manifold than we have 
given above. This is related to the following: 

Definition 1.13. Let (S,g) be a complete Riemannian spin manifold. De- 
note the spin bundle by ,yS and let ip be a smooth section of 5?S. Then ijj 
is said to be a Killing spinor if for some constant a 

(1.14) V Y ^ = aY-i/j, 

for every vector field Y, where V denotes the spin connection of g and 
Y ■ if) is Clifford multiplication of Y on tp. One says that ip is imaginary if 
a G Im(C*), parallel if a = 0, or real if a £ Re(C*). 
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It is a simple exercise to show that the existence of such a Killing spinor 
implies that g is Einstein with constant A = 4(m — l)a 2 , where m = dimS". 
In particular, the existence of a real Killing spinor implies that (S,g) is a 
compact Einstein manifold with positive Ricci curvature. The relation to 
Sasaki-Einstein geometry is given by the following result of |6j: 

Theorem 1.14. A complete simply- connected Sasaki- Einstein manifold ad- 
mits at least 2 linearly independent real Killing spinor s with a = 
for n = 2p — 1 and a = +^,+^ for n = 2p, respectively. Conversely, a 
complete Riemannian spin manifold admitting such Killing spinors in these 
dimensions is Sasaki- Einstein with Hol(<7) C SU(n). 

Notice that in both cases Hoi (5) C SU (n), so that in particular a simply- 
connected Sasaki-Einstein manifold is indeed spin. Moreover, in this case 
t = 1 in Proposition 11.101 so that the singularity X = C(S) U {r = 0} is 
Gorenstein. Indeed, a real Killing spinor on (S, g) lifts to a parallel spinor 
on (C(S),g) [6], and from this parallel spinor one can construct a nowhere 
zero holomorphic (n, 0)-form by "squaring" it. We refer the reader to |75j 
for details. 

When a Sasaki-Einstein manifold is not simply-connected the existence 
of Killing spinors is more subtle. An instructive example is 5 5 , equipped 
with its standard metric. Here X = C 3 is equipped with its flat Kahler 
metric. Denoting standard complex coordinates on C 3 by (zi,Z2,Zs) we 
may consider the quotient 5 5 /Z g , where 7L q acts by sending (21,22,23) ^ 
(C#i) C z 2, C23) with £ a primitive qth root of unity. For q = 2 this is the 
antipodal map, giving MP 5 which is not even a spin manifold. In fact of all 
these quotients only S 5 and S 5 /^ admit Killing spinors. 

For applications to supergravity theories, a Sasaki-Einstein manifold is 
in fact defined to satisfy this stronger requirement that it admits Killing 
spinors. Of course, since 7Ti(S) is finite by Myers' Theorem |80| . one may 
always lift to a simply-connected cover, where Theorem 11.141 implies that 
the two definitions coincide. We shall thus not generally emphasize this 
distinction. 

The reader might wonder what happens to Theorem 11.141 when the num- 
ber of linearly independent Killing spinors is not 2. For simplicity we focus 
on the simply-connected case. When n = 2p — 1, the existence of 1 Killing 
spinor in fact implies the existence of 2 with opposite sign of a, so that 
(S,g) is Sasaki-Einstein. If there are more than 2, or at least 2 with the 
same sign of a, then (S,g) is the round sphere. When n = 4, so that 
dimS" = 7, it is possible for a Riemannian spin 7-manifold (S,g) to admit 
a single real Killing spinor, in which case (S,g) is said to be a weak G2 
holonomy manifold; the metric cone then has holonomy contained in the 
group Spin(7) C SO(8). In all other dimensions of the form n = 2p, the 
existence of 1 Killing spinor again implies the existence of 2, implying (S,g) 
is Sasaki-Einstein. A simply-connected 3-Sasakian manifold has 3 linearly 
independent Killing spinors, all with a = +\. If there are more than 3, or 
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at least 2 with opposite sign of a, then again (S, g) is necessarily the round 
sphere. For further details, and a list of references, the reader is referred to 

2. Regular Sasaki-Einstein manifolds 

2.1. Fano Kahler-Einstein manifolds. Theorem II .51 together with 
Proposition 11.91 implies that any regular Sasaki-Einstein manifold is the 
total space of a principal U(l) bundle over a Kahler-Einstein manifold (Z, h). 
On the other hand, Theorem 11.61 implies that the converse is also true. In 
fact this construction of Einstein metrics on the total spaces of principal 
£7(1) bundles over Kahler-Einstein manifolds is in the very early paper of 
Kobayashi |62j. 

Theorem 2.1. A complete regular Sasaki-Einstein manifold (S,g) of dimen- 
sion (2n — 1) is the total space of a principal U(l) bundle over a compact 
Kahler-Einstein manifold (Z,h,uz) with positive Ricci curvature Ric^ = 
2nh, which is the leaf space of the Reeb foliation F^. If S is simply- connected 
then this U(l) bundle has first Chern class — [naJz/^I(Z)] = —ci(Z)/I(Z), 
where I(Z) € Z>o is the Fano index of Z. 

Conversely, if (Z,h,uz) is a complete simply- connected Kahler-Einstein 
manifold with positive Ricci curvature Ric^ = 2nh, then let ir : S — >• Z 
be the principal U(l) bundle with first Chern class —c\{Z)/I(Z). Then 
g = ir*h-\-r]0r] is a regular Sasaki- Einstein metric on the simply- connected 
manifold S, where rj is the connection 1-form on S with curvature dr/ = 
2tt*u Z - 

Recall here: 

Definition 2.2. A Fano manifold is a compact complex manifold Z with 
positive first Chern class c\{Z) > 0. The Fano index I(Z) is the largest 
positive integer such that c\{Z)/I{Z) is an integral class in the group of 
holomorphic line bundles Pic(Z) = H 2 (Z,Z) n H 1 ' 1 (Z,R). 

In particular, Kahler-Einstein manifolds with positive Ricci curvature 
are Fano. Notice that the principal U(l) bundle in Theorem 12.11 is that 
associated to the line bundle K l J^ Z \ where Kz is the canonical line bundle 
of Z. Also notice that by taking a 7L m C U (1) quotient of a simply-connected 
S in Theorem 12. 1\ where U(l) acts via the free Reeb action, we also obtain 
a regular Sasaki-Einstein manifold with iri(S/Z m ) = Z m ; this is equivalent 
to taking the mth power of the principal U(l) bundle, which has associated 

line bundle K™' . However, the Killing spinors on (S,g) guaranteed by 
Theorem 11.141 are invariant under Z m only when m divides the Fano index 
I(Z). Only in these cases is the quotient Sasaki-Einstein in the stronger 
sense of admitting a real Killing spinor. 

Via Theorem 12.11 the classification of regular Sasaki-Einstein manifolds 
effectively reduces to classifying Fano Kahler-Einstein manifolds. This is a 
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rich and deep subject, which is still very much an active area of research. 
Below we give a brief overview of some key results. 

2.2. Homogeneous Sasaki-Einstein manifolds. 

Definition 2.3. A Sasakian manifold S is said to be homogeneous if there is 
a transitively acting group G of isometries preserving the Sasakian structure. 

If S is compact, then G is necessarily a compact Lie group. We then 
have the following theorem of |15j : 

Theorem 2.4. Let (S,g') be a complete homogeneous Sasakian manifold 
with Ric 9 ' > e > —2. Then (S,g') is a compact regular homogeneous 
Sasakian manifold, and there is a homogeneous Sasaki- Einstein metric g 
on S that is compatible with the underlying contact structure. Moreover, S 
is the total space of a principal U(l) bundle over a generalized flag mani- 
fold K/P, equipped with its Kdhler-Einstein metric. Via Theorem \2.1\ the 
converse is also true. 

Recall here that a generalized flag manifold K/P is a homogeneous space 
where K is a complex semi-simple Lie group, and P is any complex sub- 
group of K that contains a Borel subgroup (so that P is a parabolic sub- 
group of K). It is well-known that K/P is Fano and admits a homogeneous 
Kahler-Einstein metric |12j . Conversely, any compact homogeneous simply- 
connected Kahler-Einstein manifold is a generalized flag manifold. The met- 
ric on K/P is G- invariant, where G is a maximal compact subgroup of K, 
and one can write K/P = G/H for appropriate subgroup H. 

In low dimensions Theorem 12.41 leads |14j to the following list, well- 
known to supergravity theorists: 

Corollary 2.5. Let (S,g) be a complete homogeneous Sasaki- Einstein man- 
ifold of dimension 2n — 1. Then S is a principal £7(1) bundle over 

(1) CP 1 when n = 2, 

(2) CP 2 or CP 1 x CP 1 when n = 3, 

(3) CP 3 , CP 2 x CP 1 , CP 1 x CP 1 x CP 1 , S77(3)/T 2 , or the real Grass- 
mannian Gr2(M 5 ) of 2-planes in M 5 when n = 4. 

2.3. Regular Sasaki-Einstein 5-manifolds. As mentioned in the in- 
troduction, regular Sasaki-Einstein 5-manifolds are classified |45|, l9]. This is 
thanks to the classification of Fano Kahler-Einstein surfaces due to Tian-Yau 
[99t [TOOl [103] . 

Theorem 2.6. Let (S,g) be a regular Sasaki- Einstein 5-manifold. Then 
S = S /7L m , where the universal cover (S,g) is one of the following: 

(1) 5 5 equipped with its standard round metric. Here Z = CP 2 equipped 
with its standard Fubini-Study metric. 

(2) The Stiefel manifold V 2 (M. A ) ^S 2 xS 3 of 2-frames in M 4 . Here Z = 
CP 1 x CP 1 equipped with the symmetric product of round metrics 
on each CP 1 = S 2 . 
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(3) The total space Sk of the principal £7(1) bundles Sk — > Pk, for 
3 < k < 8, where P k = CP^&CP 2 is the k-point blow-up o/CP 2 . 
For each complex structure on these del Pezzo surfaces there is a 
unique Kahler-Einstein metric, up to automorphism [931 199), 1100), 
1103] . and a corresponding unique Sasaki-Einstein metric g on Sk — 
fj^k (»S 2 x S 3 ) . In particular, for 5 < k < 8 by varying the complex 
structure this gives a complex 2(k — 4) -dimensional family of regular 
Sasaki- Einstein structures. 

Cases (1) and (2) are of course the 2 homogeneous spaces listed in (2) 
of Corollary 12.51 and so the metrics are easily written down explicitly. The 
Sasaki-Einstein metric in case (2) was first noted by Tanno in |98j, although 
in the physics literature the result is often attributed to Romans [89]. In the 
latter case the manifold is referred to as T , the T pq being homogeneous 
Einstein metrics on principal £7(1) bundles over CP 1 x CP 1 with Chern 
numbers (p,g)GZ®Z = i7 2 (CP 1 x CP 1 , Z). This is a generalization of the 
Kobayashi construction [62], and was further generalized to torus bundles by 
Wang-Ziller in [109j . The corresponding Ricci-flat Kahler cone over T 11 has 
the complex structure of the quadric singularity {zf + z\ + z\ + z\ = 0} C C 4 
minus the isolated singular point at the origin. This hypersurface singularity 
is called the "conifold" in the string theory literature, and there are literally 
hundreds of papers that study different aspects of string theory on this space. 

The Kahler-Einstein metrics on del Pezzo surfaces in (3) are known to 
exist, but are not known in explicit form. The complex structure moduli 
simply correspond to moving the blown-up points. The fact that Sk is 
diffeomorphic to ffk (S* 2 x S" 3 ) follows from Smale's Theorem [95j : 

Theorem 2.7. A compact simply- connected spin 5-manifold S with no tor- 
sion in H2(S, Z) is diffeomorphic to #k (5 2 x S 3 ) . 

The homotopy and homology groups of Sk are of course straightforward 
to compute using their description as principal £7(1) bundles over Pk. 

By Theorem ll.141 in each case the simply-connected cover (S,g) admits 
2 real Killing spinors. Only for m = 3 in case (1) and m = 2 in case (2) do 
the Z m quotients also admit such Killing spinors [45 . 

2.4. Existence of Kahler-Einstein metrics. For a Kahler manifold 
(Z,h,uj, J) the Einstein equation Ric^ = nh is of course equivalent to the 
2-form equation ph = KOJh, where ph = — i(9<91ogdet h denotes the Ricci form 
of the metric h. Since the cohomology class [p] € H l,1 (Z, R) of the Ricci 
form equals 2irci(Z), it follows that on such a Kahler-Einstein manifold 
2irci(Z) = k[oj\. Notice that for k = Z is Calabi-Yau (c%(Z) = 0) and 
there is no restriction on the Kahler class, while for k > or k < instead 
Z must be either Fano or anti-Fano (c\(Z) < 0), respectively, and in either 
case here the Kahler class is fixed uniquely. 

Suppose that w = is a Kahler 2-form on Z with k[uj] = 2ttci(Z) € 
H 1,1 (Z, R). By the dd lemma, there exists a global real function / € C°°{Z) 
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such that 

(2.1) p h - Ku h = iddf . 

The function / is often called the discrepancy potential. It is unique up to 
an additive constant, and the latter may be conveniently fixed by requiring, 
for example, f z (e^ — l) w^ - " 1 = 0, where dime Z = n — 1. Notice that 
/ is essentially the same function / appearing in the proof of Proposition 
11.101 (More precisely, the function there is the pull-back of / here under the 
C* = M>o x U(l) quotient C(S) — > Z for a regular Sasakian structure with 
leaf space Z.) 

On the other hand, if g is a Kahler-Einstein metric, with [cj g ] = [uh] and 
p g = KUJg, then the dd lemma again gives a real function <j> € C°°(Z) such 
that 



(2.2) uig — ui h = \dd(f) . 



Thus ph~ p g = idd(f — K<f>), or relating the volume forms as cj™ 1 = e F u^ 1 



with F G C°°(Z) equivalently 

iddF = idd{f - K(j>) . 

This implies F = f — K(j) + c with c a constant. Again, this may be fixed by 
requiring, for example, 

J-ntf, _ A , ,n-l 



(2.3) / Je'-** - 1 1 uj n h - v = . 

J z 

We have then shown the following: 

Proposition 2.8. Let (Z, J) be a compact Kahler manifold, of dimension 
dime Z = n — 1, with Kahler metrics h, g in the same Kahler class, [ujh] = 
[u g ] € H X > X {Z,WL), and with K[uj h ] = 2na(Z). Let f,<f> € C°°(Z) be the 
functions defined via \2. 1\) and h2. 2\) . and with the relative constant of f — K<j> 
fixed by \2. 3\) . Then the metric g is Kahler-Einstein with constant k if and 
only if (f) satisfies the Monge- Ampere equation 



or equivalently 



det ( hrA + 



9 2 



(2.4) J***' = ^ , 

v ; det h fj 

where z\, . . . , z n -\ are local complex coordinates on Z . 

For k < this problem was solved independently by Aubin [4] and Yau 
[110J. Without loss of generality, we may rescale the metric so that k = — 1 
and then state: 



Theorem 2.9. Let (Z,J) be a compact Kahler manifold with c\{Z) < 0. 
Then there exists a unique Kahler-Einstein metric with p g = —0J g - 
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The proof relies on the Maximum Principle. The Calabi-Yau case k = 
is substantially harder, and was proven in Yau's celebrated paper: 

Theorem 2.10. Let (Z,J) be a compact Kdhler manifold with c\{Z) = 0. 
Then there exists a unique Ricci-flat Kdhler metric in each Kdhler class. 

On the other hand, the problem for n > is still open. In particular, 
there are known obstructions to solving the Monge- Ampere equation (|2.4p 
in this case. On the other hand, it is known that if there is a solution, it 
is unique up to automorphism |5j. In the remainder of this section we give 
a very brief overview of the Fano k > case, referring the reader to the 
literature for further details. 

In [76j Matsushima proved that for a Fano Kahler-Einstein manifold the 
complex Lie algebra a(Z) of holomorphic vector fields is the complexification 
of the Lie algebra of Killing vector fields. Since the isometry group of a com- 
pact Riemannian manifold is a compact Lie group, in particular this implies 
that a(Z) is necessarily reductive; that is, a(Z) = Z(a(Z)) © [a(Z),a(Z)], 
where Z(a(Z)) denotes the centre. The simplest such obstructed examples 
are in fact the 1-point and 2-point blow-ups of CP 2 that are not listed in 
Theorem 12. 61 despite these being Fano surfaces. Matsushima's result implies 
that the isometry group of a Fano Kahler-Einstein manifold is a maximal 
compact subgroup of the automorphism group. 

Another obstruction, also related to holomorphic vector fields on Z, is 
the Futaki invariant of |47j . If £ £ a(Z) is a holomorphic vector field then 
define 



where / is the discrepancy potential defined via (|2.1|) . The function T is 
independent of the choice of Kahler metric h in the Kahler class [w/J, and 
defines a Lie algebra homomorphism T : a(Z) — > C. For this reason it is 
also sometimes called the Futaki character. Moreover, Mabuchi [69J proved 
that the nilpotent radical of a(Z) lies in ker J 7 , so that J- is completely 
determined by its restriction to the maximal reductive subalgebra. Since T 
is a Lie algebra character, it also vanishes on the derived algebra [a(Z), a(Z)], 
and therefore the Futaki invariant is determined entirely by its restriction to 
the centre of a(Z). In practice, T may be computed via localization; see, for 
example, the formula in [102] . Clearly / is constant for a Kahler-Einstein 
metric, and thus the Futaki invariant must vanish in this case. Indeed, both 
the 1-point and 2-point blow-ups of CP 2 also have non-zero Futaki invariants, 
and are thus obstructed this way also. The Futaki invariant will turn out 
to be closely related to a natural construction in Sasakian geometry, that 
generalizes to the quasi-regular and irregular cases. 

Since both obstructions above are related to the Lie algebra of holomor- 
phic vector fields on the Fano Z, there was a conjecture that in the absence 
of holomorphic vector fields there would be no obstruction to the existence 
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of a Kahler-Einstein metric. However, a counterexample was later given by 
Tian in [TOT] . 

In fact it is currently believed that a Fano manifold Z admits a Kahler- 
Einstein metric if and only if it is stable, in an appropriate geometric invari- 
ant theory sense. This idea goes back to Yau [111] . and has been developed 
by Donaldson, Tian, and others. It is clearly beyond the scope of this article 
to describe this still very active area of research. However, the basic idea 
is to use K% k for k S> to embed Z into a large complex projective space 
CP * via its space of sections (the Kodaira embedding). Then stability of 
Z is taken in the geometric invariant theory sense, for the automorphisms 
of these projective spaces, as k — > oo. A stable orbit should contain a zero 
of a corresponding moment map, and in the present case this amounts to 
saying that by acting with an appropriate automorphism of CP^* a stable 
Z can be moved to a balanced embedding, in the sense of Donaldson [40J. 
For a sequence of balanced embeddings, the pull-back of the Fubini-Study 
metric on CP * as k — > oo should then approach the Kahler-Einstein metric 
on Z. The precise notion of stability here is called K- stability. 

In practice, even if the above stability conjecture was settled it is diffi- 
cult to check in practice for a given Fano manifold. More practically, one 
can sometimes prove existence of solutions to (j2.4|) in appropriate examples 
using the continuity method. Thus, for appropriate classes of examples, 
one can often write down sufficient conditions for a solution, although these 
conditions are in general not expected to be necessary. This will be the 
pragmatic approach followed in the next section when we come to discuss 
the extension to quasi-regular Sasakian manifolds, or rather their associated 
Fano Kahler-Einstein orbifolds. 

However, there are two classes of examples in which necessary and suf- 
ficient conditions are known. The first is the classification of Fano Kahler- 
Einstein surfaces already mentioned. One may describe this result by saying 
that a Fano surface admits a Kahler-Einstein metric if and only if its Futaki 
invariant is zero. The second class of examples are the toric Fano man- 
ifolds. Here a complex (n — l)-manifold is said to be toric if there is a 
biholomorphic (C*)™^ 1 action with a dense open orbit. Then a toric Fano 
manifold admits a Kahler-Einstein metric if and only if its Futaki invari- 
ant is zero pL08j. The Kahler-Einstein metric is invariant under the real 
torus subgroup T n C (C*) n . We shall see that this result generalizes 
to the quasi-regular and irregular Sasakian cases, and so postpone further 
discussion to later in the article. 

Otherwise, examples are somewhat sporadic (as will be the case also 
in the next section). As an example, the Fermat hypersurfaces Fd t n = 
{z$ + - ' + z* = 0} C CP™ are Fano provided d < n, and Nadel [EE] 
has shown that these admit Kahler-Einstein metrics if n/2 < d < n. It 
is straightforward to compute the homology groups of the corresponding 
regular Sasaki-Einstein manifolds Sd n [15] . In particular, in dimension 7 
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(n = 4) one finds examples of Sasaki-Einstein 7-manifolds with third Betti 
numbers 63(64,4) = 60, 63(53,4) = 10 (notice 52, ra corresponds to a quadric, 
and is homogeneous). 

Finally, we stress that in any given dimension there are only finitely 
many (deformation classes of) Fano manifolds [65] . Thus there are only 
finitely many Kahler-Einstein structures, and hence finitely many regular 
Sasaki-Einstein structures, up to continuous deformations of the complex 
structure on the Kahler-Einstein manifold. This result is no longer true 
when one passes to the orbifold category, or quasi-regular case. 

3. Quasi-regular Sasaki-Einstein manifolds and hypersurface 



3.1. Fano Kahler-Einstein orbifolds. Recall that a quasi-regular 
Sasakian manifold is a Sasakian manifold whose Reeb foliation has com- 
pact leaves, but such that the corresponding U(l) action is only locally free, 
rather than free. As in the previous section, Theorem 11.51 and Proposition 
11.91 imply that the leaf space of a quasi-regular Sasaki-Einstein manifold is a 
compact Kahler-Einstein orbifold (Z, h). The main tool in this section will 
be the converse result obtained using the inversion Theorem 11.61 

Theorem 3.1. Let (Z,h,uz) be a compact simply- connected (V° rb (Z) triv- 
ial) Kahler-Einstein orbifold with positive Ricci curvature Ric^ = 2nh. Let 
it : 5 — y Z be the principal U(l) orbibundle with first Chern class —ci(Z)/L(Z) G 
H% b (Z, Z). Then (S,g = n*h + 77 <8> ff) is a compact simply- connected quasi- 
regular Sasaki-Einstein orbifold, where r] is the connection 1-form on S with 
curvature drj = 2tt*loz- Furthermore, if all the local uniformizing groups 
inject into U(l) then the total space S is a smooth manifold. 

Here the orbifold Fano index I(Z) is defined in a precisely analogous way 
to the manifold case: it is the largest positive integer such that c\{Z) / L{Z) 
defines an integral class in the orbifold Picard group H^ vh (Z, Z) C\H ' (Z, M). 
As in the regular case, the principal U(l) orbibundle appearing here is that 



Here we make the important remark that canonical line orbibundle of Z, 
K™ h , is not necessarily the same as the canonical line bundle defined in the 
algebro-geometric sense. The difference between the two lies in the fact that 
complex co dimension one orbifold singularities are not seen by the canonical 
line bundle, owing to the simple fact that C/Z m = C as an algebraic variety. 
More specifically, let the complex codimension one singularities of Z be along 
divisors D{, and suppose that D{ has multiplicity m, in the above sense. In 
particular, a Kahler-Einstein orbifold metric on Z will have a 27r/mj conical 
singularity along Dj. Then 
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The Di are known as the ramification divisors. A Fano Kahler-Einstein 
orbifold is then Fano in the sense that (i^T^ rb ) is positive, which is not 
the same condition as K^ 1 being positive. Also, the Fano indices in the two 
senses will not in general agree. 

3.2. The join operation. As already mentioned, the first examples of 
quasi-regular Sasaki-Einstein manifolds were the quasi-regular 3-Sasakian 
manifolds constructed in [24\. The first examples of quasi-regular Sasaki- 
Einstein manifolds that are not 3-Sasakian were in fact constructed using 
these examples, together with the following Theorem of [15] : 

Theorem 3.2. Let Si, S2 be two simply- connected quasi-regular Sasaki- 
Einstein manifolds of dimensions 1ri\ — 1, 2ri2 — 1, respectively. Then there 
is a natural operation called the join which produces in general a simply- 
connected quasi-regular Sasaki- Einstein orbifold S\*S2 of dimension 2{n\ + 
712) — 3. The join is a smooth manifold if and only if 

(3.1) gcd (ord(Zi)fe, OTd(Za)Ji) = 1 , 

where l{ = /(Zj)/gcd(/(Zi), /(Z2)) are the relative orbifold Fano indices of 
the Kahler-Einstein leaf spaces Z\, Zi- 

Recall here that ord(M) denotes the order of M as an orbifold (see 
section II .3|) . 

The proof of this result follows from the simple observation that given 
two Kahler-Einstein orbifolds (Z\,hi), (^2,^2), the product Z\ x Z2 carries 
a direct product Kahler-Einstein metric which is the sum of h\ and h%, af- 
ter an appropriate constant rescaling of each. The join is then the unique 
simply-connected Sasaki-Einstein orbifold obtained by applying the inver- 
sion Theorem 13. 1[ The smoothness condition (|3.ip is simply a rewriting of 
the condition that the local uniformizing groups inject into £7(1), given that 
this is true for each of S±, £2- In particular, note that if Si is a regular 
Sasaki-Einstein manifold (ord(Zi) = 1) and /(Z2) divides I(Z\) then the 
join is smooth whatever the value of the order of Z^- 

The join construction can produce interesting non-trivial examples. For 
example, the homogeneous Sasaki-Einstein manifold in (2) of Theorem 12.61 
is simply S 3 * S 5 , with the round metric on each S 3 . More importantly, the 
join of a quasi-regular 3-Sasakian manifold with a regular Sasaki-Einstein 
manifold (such as S 3 ) gives rise to a quasi-regular Sasaki-Einstein manifold 
by the observation at the end of the previous paragraph. However, this 
particular construction produces new examples of Sasaki-Einstein manifolds 
only in dimension 9 and higher. 

3.3. The continuity method for Kahler-Einstein orbifolds. The 

Proposition 12.81 holds also for compact Kahler orbifolds, with an identical 
proof. Thus also in the orbifold category, to find a Kahler-Einstein metric on 
a Fano orbifold one must similarly solve the Monge- Ampere equation (|2.4p . 
Of course, since necessary and sufficient algebraic conditions on Z are not 
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even known in the smooth manifold case, for orbifolds the pragmatic ap- 
proach of Boyer, Galicki, Kollar and their collaborators is to find a sufficient 
condition in appropriate classes of examples. Also as in the smooth manifold 
case, one can use the continuity method to great effect. Our discussion in 
the remainder of this section will closely follow |19j . 

Suppose, without loss of generality, that we are seeking a solution to 
(|2.4p with k = 1. Then the continuity method works here by introducing 
the more general equation 

d 2 <t> 



(3.2) 



det hfA + 



J-t<P 



det hfj 



where now t £ [0, 1] is a constant parameter. We wish to solve the equation 
with t = 1. We know from Yau's proof of the Calabi conjecture [110 
that there is a solution with t = 0. The classic continuity argument works 
by trying to show that the subset of [0, 1] where solutions exist is both 
open and closed. In fact openness is a straightforward application of the 
implicit function theorem. On the other hand, closedness is equivalent to 
the integrals 

-ytcf>t,.n-l 



e ' rc w, 



z 







being uniformly bounded, for any constant 7 £ ((n — l)/n, 1). Here ojq 
denotes the Kahler form for /io, the metric given by Yau's result. Nadel 
interprets this condition in terms of multiplier ideal sheaves [81J. 

This was first studied in the case of Fano orbifolds by Demailly-Kollar 
[38], and indeed it is their results that led to the first examples of quasi- 
regular Sasaki-Einstein 5-manifolds in [17] . The key result is the following: 

Theorem 3.3. Let Z be a compact Fano orbifold of dimension dime % 
11 I . Then the continuity method produces a Kahler- Einstein orbifold metric 
on Z if there is 07 > (n — l)/n such that for every s > 1 and for every 

holomorphic section t s £ H° I Z, (i^ rb ) 



(3.3) / Ir^-^/'wJ- 1 < 00 





z 

For appropriate classes of examples, the condition f|3.3|) is not too diffi- 
cult to check. We next introduce such a class. 

3.4. Links of weighted homogeneous hypersurface singularities. 

Let Wi £ Z>o, i = 0, . . . , n, be a set of positive integers. We regard these as 
a vector w £ (Z>o) n+1 . There is an associated weighted C* action on C n+1 
given by 

(3.4) C" +1 3 (z , ...,z n )^ (X wo z , . . . , \ w -z n ) , 

where A £ C* and the u>i are referred to as the weights. Without loss of 
generality one can assume that gcd(wo, •••,%) = 1, so that the C* action 
is effective, although this is not necessary. 
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Definition 3.4. A polynomial F G C[zq, . . . , z n ] is said to be a weighted 
homogeneous polynomial with weights w and degree d G Z>o if 

F(\ w °z ,...,\ Wn z n ) = X d F(z ,...,z n ) . 

We shall always assume that F is chosen so that the affine algebraic 
variety 

(3.5) X F = {F = 0} C C rt+1 
is smooth everywhere except at the origin in C n+1 . 

Definition 3.5. The hypersurface given by (13. 5p is called a quasi-homogeneous 
hypersurface singularity. The link Lp of the singularity is defined to be 

(3.6) L F = {F = 0}DS 2n+1 , 

where S 2n+1 = {£™ =0 N| 2 = l} C C n+1 is the unit sphere. 

Lp is a smooth (2n — l)-dimensional manifold, and it is a classic result 
of Milnor [78j that hp is (n — 2)-connected. Indeed, the homology groups 
of Lp were computed in |78|, |79j in terms of the so-called monodromy map. 

A particularly nice such set of singularities are the so-called Brieskorn- 
Pham singularities. These take the particular form 

n 

(3.7) F = Y,zT, 

i=0 

where a G (Z > o) ri+1 . Thus the weights of the C* action are Wi = d/ai 
where d = lcmjcij}. The corresponding hypersurface singularities are always 
isolated, as is easy to check. In this case it is convenient to denote the link 
by Lp = L(a). Moreover, to the vector a one associates a graph G(a) with 
n+1 vertices labelled by the aj. Two vertices CL% , CLj 3TQ connected if and only 
if gcd(aj,aj) > 1. We denote the connected component of G(a) determined 
by the even integers by C ev en; all even integer vertices are contained in 
Ceven; although C ev en rnay of course contain odd integer vertices also. The 
following result is due to Brieskorn [30J (although see also [39J): 

Theorem 3.6. The following are true: 

(1) The link L(a) is a rational homology sphere if and only if either 
G(a) contains at least one isolated point, or C even has an odd num- 
ber of vertices and for any distinct ai,ai G C eV enj gcd(aj,a :) ') = 2. 

(2) The link L(a) is an integral homology sphere if and only if either 
G(a) contains at least two isolated points, or G(a) contains one 
isolated point and C cvcn has an odd number of vertices and aj , aj G 
Ceven implies gcd(aj,aj) = 2 for any distinct i,j. 

In particular, this result says which a lead to homotopy spheres L(a). 
Again, classical results going back to Milnor \77\ and Smale |94j show that 
in every dimension greater than 4 the differentiate homotopy spheres form 
an Abelian group, where the group operation is given by the connected 



26 



JAMES SPARKS 



sum. There is a subgroup consisting of those which bound parallelizable 
manifolds, and these groups are known in every dimension [61]. They are 
distinguished by the signature r of a parallelizable manifold whose boundary 
is the homotopy sphere. There is a natural choice in fact (the Milnor fibre 
in Milnor 's fibration theorem [78] ), and Brieskorn computed the signature 
in terms of a combinatorial formula involving the {ai}. Many of the results 
quoted in the introduction involving rational homology spheres and exotic 
spheres are proven this way. Let us give a simple example: 

Example 3.7. By Theorem 13.61 the link L(6k — 1,3,2,2,2) is a homotopy 
7-sphere. Using Brieskorn's formula one can compute the signature of the 
associated Milnor fibre, with the upshot being that all 28 oriented diffeo- 
morphism classes on S 7 are realized by taking k = 1, 2, . . . , 28. 

Returning to the general case in Definition I3.5[ the fact that L p has a 
natural Sasakian structure was observed as long ago as reference [96] . We 
begin by noting that C™ +1 (minus the origin) has a Kahler cone metric that 
is a cone with respect to the weighted Euler vector field 

n 

(3.8) fdf = WiPid Pt , 

i=0 

where z\ = pjexp(i#j), i = 0, ...,n. The Kahler form is ^iddf 2 where 
f 2 is a homogeneous degree 2 function under (13. 8p . and a natural choice 

is f 2 = Y17=o fh % ■ The holomorphic vector field (i 1 + J) fdf of course 
generates the weighted C* action ()3.4|) . and by construction the hypersurface 
Xp is invariant under this C* action. Thus the Kahler metric inherited by 
Xp via its embedding (|3,5p is also a Kahler cone with respect to this C* 
action, which in turn gives rise to a Sasakian structure on hp. 

On the other hand, the quotient of C n+1 \ {0} by the weighted C* action 
is by definition the weighted projective space P(w) = CPj^ Q w i . There is 
a corresponding commutative square 

Lp — ► S 2n+1 

(3.9) vr 

Z F — > P(w), 

where the horizontal arrows are Sasakian and Kahlerian embeddings, re- 
spectively, and the vertical arrows are orbifold Riemannian submersions. 
Here Zp is simply the hypersurface {F = 0}, now regarded as defined in 
the weighted projective space, so Zp = {F = 0} C P(w). Thus Zp is a 
weighted projective variety. 

We are of course interested in the case in which Zp is Fano: 

Proposition 3.8. The orbifold Zp is Fano if and only if |w| — d > 0, where 

En 
i=0 w i- 
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This was proven in [22j , but a simpler method of proof [53J that bypasses 
the orbifold subtleties is to use Proposition 11.101 Indeed, Xp is Gorenstein 
since the smooth locus Xp\{0} is equipped with a nowhere zero holomorphic 
(n, 0)-form, given explicitly in a coordinate chart in which the denominator 
is nowhere zero by 

One has similar expressions in charts in which dF/dzi 7^ 0, and it is straight- 
forward to check that these glue together into a global holomorphic volume 
form on Xp \ {0}. Since rd?Zi = wiZi and F has degree d, it follows from 
(|3~10jl that 

(3.11) c fdf n = (|w| - d) o . 

As in the proof of Proposition 11.101 positivity of |w| — d is then equiva- 
lent to the Ricci form on Zp being positive. Indeed, via a L>-homothetic 
transformation we may define r = f a to be a new Kahler potential, where 
a = (|w| — d)/n, so that the new Reeb vector field is 

« = rrV- 

|w| — d 

and C^£l = inQ. The resulting Kahler metric on Zp now satisfies [pz] = 
2n[coz] € H l,1 (Z, M). One may then ask when this metric can be deformed to 
a Kahler-Einstein metric, thus giving a quasi-regular Sasaki-Einstein metric 
on hp. Although in general necessary and sufficient conditions are not 
known, Theorem 13.31 gives a sufficient condition that is practical to check. 

3.5. Quasi-regular Sasaki-Einstein metrics on links. Theorem l3.3l 
was used by Demailly-Kollar in their paper |38j to prove the existence of 
Kahler-Einstein orbifold metrics on certain orbifold del Pezzo surfaces, real- 
ized as weighted hypersurfaces in CPL Q Wi W2 w i . More precisely, they pro- 
duced precisely 3 such examples. The very first examples of quasi-regular 
Sasaki-Einstein 5-manifolds were constructed in [17J using this result, to- 
gether with the inversion Theorem 13.11 The differential topology of the 
corresponding links can be analyzed using the results described in the pre- 
vious section, together with Smale's Theorem 12. 71 resulting in 2 non-regular 
Sasaki-Einstein metrics on S 2 x S 3 , and 1 on #2 (S 2 x S 13 ). An avalanche of 
similar results followed [3l HU, US [261 E3 EQ] , classifying all such log 
del Pezzo surfaces (Fano orbifold surfaces with only isolated orbifold singu- 
larities) for which Theorem 13.31 produces a Kahler-Einstein orbifold metric. 
This led to quasi-regular Sasaki-Einstein structures on j^k (S* 2 x 5 3 ) for all 
1 < k < 9. Compare to Theorem 12.61 

In |22j Theorem 13.31 was applied to the Brieskorn-Pham links L(a), giv- 
ing the following remarkable result: 

Theorem 3.9. Let L(a) be a Brieskorn-Pham link, with weighted homo- 
geneous polynomial given by {3. 7\ ). Denote Cj = lcm(ao, a n ), 
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bi = gcd(aj,Cj), where as usual a hat denotes omission of the entry. Then 
L(a) admits a quasi-regular Sasaki- Einstein metric if the following condi- 
tions hold: 

a) £r=oi>i> 

(2) ELoi<i + ^Mi}, 

(3) Er=oi<i+^^,i{^}- 

The isometry group of the Sasaki- Einstein manifold is then 1- dimensional, 
generated by the Reeb vector field. 

The condition (1) is simply the Fano condition in Proposition ^. 8[ rewrit- 
ten in terms of the a» = d/wi. Conditions (2) and (3) result from the condi- 
tion in Theorem 13.31 The statement about the isometry group follows from 
the fact that the Kahler orbifolds Z(a) have no continuous automorphisms. 
Combining this with the Matsushima result [76J, which goes through in 
exactly the same way for orbifolds, implies that the isometry group of the 
Kahler-Einstein metric on Zia) is finite. 

An important modification of this result follows from perturbing the 
defining polynomial F to 

n 

(3.12) F( a ,p) = ^2z° i +p(z ,...,z n ) , 

where p is a weighted homogeneous polynomial of degree d. Then the above 
Theorem holds also for the links of Xp = {F(a,p) = 0} C C n+1 , pro- 
vided the intersection of Xp with any number of hyperplanes {zj = 0} are 
all smooth outside the origin. The polynomials p may depend on com- 
plex parameters, which will then lead to continuous families of quasi-regular 
Sasaki-Einstein manifolds in which there is a corresponding family of com- 
plex structures on Xp or Zp. In fact similar remarks apply also to the log 
del Pezzo examples that produce non-regular Sasaki-Einstein structures on 
#k (S 2 x S 3 ) for 1 < k < 9. 

Theorem 13.91 gives only necessary conditions for existence; it is not ex- 
pected that this result is sharp. On the other hand, subsequent work of 
Ghigi-Kollar [54J, combined with the Lichnerowicz obstruction of [53] that 
we will describe in section El leads to the following: 

Theorem 3.10. Let L(a) be a Brieskorn-Pham link such that the {oj} are 
pairwise relatively prime. Then L(a) is homeomorphic to S 2n ~ l and admits 
a Sasaki-Einstein metric if and only if 

A l f l 

1 < > — <l + n mim < — 

Of course, the topological statement here follows immediately from the 
Brieskorn Theorem 13.61 

Using Theorems 13.91 and 13. 101 it is now straightforward to construct vast 
numbers of new quasi-regular Sasaki-Einstein manifolds by simply finding 
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those a which satisfy the given inequalities. For example, for fixed dimen- 
sion n one can show that there are only finitely many such a that, via the 
Brieskorn result, give rise to homotopy spheres. With the aid of a computer 
one can easily list all such examples in dimensions 5 and 7. 

Example 3.11. It is simple to check that the links L(2, 3, 7, k) are homo- 
topy spheres for any k that is relatively prime to at least 2 of {2,3,7}. 
Moreover, for 5 < k < 41 these satisfy the conditions in Theorem 13.91 giving 
27 examples of quasi-regular Sasaki-Einstein metrics on S 5 . 

There are other examples also, given in [22J, some of which have de- 
formations in the sense of f)3. 12|) . There are 12 further examples satisfying 
the conditions in Theorem 13.101 of the form L(2,3, 5, k) for appropriate k. 
Combining all these results |21j gives: 

Corollary 3.12. There are at least 80 inequivalent families of Sasaki- Einstein 
structures on S 5 . Some of these admit continuous Sasaki- Einstein deforma- 
tions, the largest known of which depends on 5 complex parameters. 

In dimension 7 the authors of [231 showed that there are 8610 inequiv- 
alent families of Sasaki-Einstein structures on homotopy 7-spheres given by 
Theorem I3.9j, and moreover there are examples for each of the 28 oriented 
diffeomorphism classes. More examples are produced using Theorem 13.101 
In particular: 

Example 3.13. The link L(2, 3, 7, 43, 1333) is diffeomorphic to the standard 
7-sphere. It admits a complex 41-dimensional family of Sasaki-Einstein de- 
formations. 

Summarizing these results [21j gives: 

Corollary 3.14. Each of the 28 oriented diffeomorphism classes on S 7 
admit several hundred inequivalent families of Sasaki- Einstein structures. 
In each class, some of these admit continuous deformations. The largest 
such family is that in Example \3.13[ 

Similar results hold also in higher dimensions, although the numbers 
of solutions grows rapidly, prohibiting a complete list even in dimension 9. 
However, one can show in particular that Sasaki-Einstein structures exist, 
in vast numbers, on both the standard and exotic Kervaire spheres in every 
dimension of the form 4m + 1. We refer the reader to [22J for details. 

In [64] Kollar considered Kahler-Einstein orbifold metrics on orbifolds 
whose singularities are purely of complex codimension 1. Thus as algebraic 
varieties these are smooth surfaces. This allows for considerably more com- 
plicated topology than the log del Pezzo surfaces described at the beginning 
of this section, and leads to: 

Theorem 3.15. For every k > 6 there are infinitely many complex (k — 1)- 
dimensional families of Sasaki- Einstein structures on f^k (S 2 x S 3 ) . 
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Thus all of the manifolds in Theorem 12.71 admit Sasaki-Einstein struc- 
tures. We shall give a very different proof of this in section \5\ for which the 
Sasaki-Einstein manifolds have an isometry group containing the torus T 3 . 

We turn next to rational homology spheres. We begin with an example: 

Example 3.16. In every dimension the links L(m, m, . . . . ,m,k) are rational 
homology spheres provided gcd(m, k) = 1. The conditions in Theorem 13.91 
are satisfied if k > m(m — 1). The homology groups H m —\{L, Z) are torsion 
groups of order k hm ~ x where 6 m _i is the (m — l)th Betti number of the link 
L(m, m, . . . , m) |20j. 

The torsion groups here may be computed using [88] . This leads to the 
following result of |20j : 

Corollary 3.17. In every odd dimension greater than 3 there are infinitely 
many smooth compact simply- connected rational homology spheres admiting 
Sasaki- Einstein structures. 

In dimension 5 the classification Theorem 12.71 was extended to general 
oriented simply-connected 5-manifolds by Barden [7]. With the additional 
assumption of being spin, such 5-manifolds fall into 3 classes: rational homol- 
ogy spheres; connected sums of S 2 x S 3 , as in Theorem 12. 7\ and connected 
sums of these first two classes. Which of these diffeomorphism types of 
general simply-connected spin 5-manifolds admit Sasaki-Einstein structures 
has been investigated, with the most recent results appearing in [29 j . In 
particular, there is the following interesting result of Kollar [63]: 

Theorem 3.18. Let S be a simply- connected 5-manifold admitting a trans- 
verse Fano Sasakian structure. Then H2(S, Z) tor is isomorphic to one of the 
following groups: 

l? m , , TL\ , Z§ , 1* , Z| , 7L\ , m > 1 , n > 1 . 

In particular, this determines also the possible torsion groups for simply- 
connected Sasaki-Einstein 5-manifolds. Precisely which of the manifolds in 
the Smale-Barden classification could admit Sasaki-Einstein structures is 
listed in Corolloary 11.4.14 of the monograph [21J, together with those for 
which existence has been shown. Further results, again using weighted ho- 
mogeneous hypersurface singularities, have been presented recently in [29J. 

4. Explicit constructions 

4.1. Cohomogeneity one Sasaki-Einstein 5-manifolds. In the last 
section we saw that quasi-regular Sasaki-Einstein structures exist in abun- 
dance, in every odd dimension. It is important to stress that these are exis- 
tence results, based on sufficient algebro-geometric conditions for solving the 
Monge- Ampere equation (I2.4p on the orbifold leaf space of a quasi-regular 
Sasakian manifold that is transverse Fano. Indeed, the isometry groups 
of the Sasaki-Einstein manifolds produced via this method in Theorem 13.91 
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are as small as possible, and this lack of symmetry suggests that it will be 
difficult to write down solutions in explicit form. 

On the other hand, given enough symmetry one might hope to find 
examples of Sasaki-Einstein manifolds for which the metric and Sasakian 
structure can be written down explicitly in local coordinates. Of course, 
such examples will be rather special. We have already mentioned in The- 
orem 12.41 that homogeneous Sasaki-Einstein manifolds are classified. The 
next simplest case, in terms of symmetries, is that of cohomogeneity one. 
By definition this means there is a compact Lie group G of isometries pre- 
serving the Sasakian structure which acts such that the generic orbit has 
real codimension 1. In fact the first explicit quasi-regular Sasaki-Einstein 
5-manifolds constructed were of this form. The construction also gave the 
very first examples of irregular Sasaki-Einstein manifolds, which had been 
conjectured by Cheeger-Tian [32j not to exist. The following result was 
presented in [50J: 



Theorem 4.1. There exist countably infinitely many Sasaki- Einstein met- 
rics on S 2 x S 3 , labelled by two positive integers p,q € Z>o, gcd(p, q) = 1, 
q < p, given explicitly in local coordinates by 

g = 1^ ( d 02 + sinW) + — L,y 2 + ^ (d^ - cos 
6 w(y)q{y) 9 

(4.1) + w(y) [da + f(y)(d^- cos ed<P)} 2 , 

where 

2{a-y 2 ) a - 3y 2 + 2y 3 a - 2y + y 2 

w{y) = — ; , q{y) = 5 — , f{y) - 



l — y ' a — y 2 " 6(a — y 2 

and the constant a = a„ n is 



(4.2) a = a p , q = ~ - {P J q ] yV - 3q 2 . 

The manifolds are cohomogeneity one under the isometric action of a Lie 
group with Lie algebra su(2) © u(l) © u(l). The Sasakian structures are 
quasi-regular if and only if Ap 2 — 3q 2 = m 2 , m G otherwise they are 
irregular of rank 2. In particular, there are countably infinite numbers of 
quasi-regular and irregular Sasaki- Einstein structures on S 2 x 5 3 . 

We discovered these manifolds quite by accident, whilst trying to classify 
a certain class of supergravity solutions |49j . It is not too difficult to check 
that the metric in (|4.1j) is indeed Sasaki-Einstein, although a key point is 
that the local coordinate system here is not in fact well-adapted to the 
Sasakian structure. For example, the Reeb vector field is £ = 3d^p — \d a . 
Instead these local coordinates are convenient for analysing when and how 
this metric extends to a smooth complete metric on a compact manifold. 

The metric in the first line of (I4.ip can in fact be shown to be a smooth 
complete metric on S 2 xS 2 , for any value of the constant a € (0,1), by taking 
9 6 [0, 7r], y & [2/1,2/2], and the coordinates (ft and ij) to be periodic with period 
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2tt. Here y\ < yi are the two smallest roots of the cubic appearing in the 
numerator of the function q(y), the condition that a S (0, 1) guaranteeing in 
particular that these roots are real. Geometrically, these coordinates natu- 
rally describe a 4-manifold which is given by the 1-point compactifications of 
the fibres of the tangent bundle of S 2 , TS 2 . This results in an S 2 bundle over 
S 2 that is topologically trivial. There is a natural action of SO(3) x U(l), 
under which the metric is invariant, in which SO (3) acts in the obvious way 
on TS 2 and the 17(1) acts on the fibre, the latter U(l) being generated by 
the Killing vector field cL,. The 1-form in square brackets appearing in the 
second line of (|4,ip can then be shown to be proportional to a connection 
1-form on the total space of a principal U(l) bundle over S 2 x S 2 , provided 
a = a p,q is given by (|4.2|) . The integers p and q are simply the Chern num- 
bers of this 17(1) bundle, so naturally (p,q) € Z © Z = H 2 (S 2 x S* 2 ,Z). It 
is important here that w(y) > for all y £ [2/1,2/2]- It is also important to 
stress that this principal U(l) bundle is not generated by the Reeb vector 
field, and indeed the metric on S 2 x S 2 in the first line of (|4.ip is neither 
Kahler nor Einstein. Via the Gysin sequence and Smale's Theorem 12.71 the 
total space is diffeomorphic to S 2 x S 3 provided gcd(p, q) = 1. 

In a sense, the Sasaki-Einstein manifolds of Theorem 14. II interpolate be- 
tween the two 5-dimensional homogeneous Sasaki-Einstein manifolds given 
in (1) and (2) of Theorem 12.61 More precisely, setting p = q leads to a 
Sasaki-Einstein orbifold S 5 /1i2 P , with the round metric on S 5 , while q = 
instead leads to a Sasaki-Einstein orbifold which is a non-freely acting Z p 
quotient of the homogeneous Sasaki-Einstein metric on V2(M 4 ). 

As stated in Theorem 14.11 the resulting Sasaki-Einstein manifolds are 
cohomogeneity one under the effective isometric action of a compact Lie 
group G with Lie algebra su(2) ©u(l) ©u(l). In fact we have the following 
classification result |36j : 

Theorem 4.2. Let (S,g) be a compact simply- connected Sasaki- Einstein 5- 
manifold for which the isometry group acts with cohomogeneity one. Then 
(S,g) is isometric to one of the manifolds in Theorem \4-l\ 

Much is known about the structure of cohomogeneity one manifolds, and 
also the Einstein equations in this case; a review was presented in a previ- 
ous article in this journal series [107J. The cohomogeneity one assumption 
reduces the conditions for having a complete G-invariant Sasaki-Einstein 
metric to solving a system of ordinary differential equations on an interval, 
with certain boundary conditions at the endpoints of this interval. Here the 
interval is parametrized by distance t along a geodesic transverse to a generic 
orbit of G. Denoting the stabilizer group of a point on a generic orbit by 
H C G, then the manifold S has a dense open subset that is equivariantly 
diffeomorphic to (to,ti) x G/H. At the boundaries t = to, t = t\ of the in- 
terval the generic orbit collapses to 2 special orbits G/Hq, G/H\. For this to 
happen smoothly, H\/H and H2/H must both be diffeomorphic to spheres 
of positive dimension. Choosing an Ad#-invariant decomposition q = f) + m, 
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a G-invariant metric on S is determined by a map from [to,^i] —> S+(m) H , 
where the latter is the space of Ad#-invariant symmetric positive bilinear 
maps on m. This has appropriate boundary conditions at t = to and t = t\ 
that guarantee the metric compactifies to a smooth metric on S. We refer 
the reader to [36: for a complete discussion in the case of Sasaki-Einstein 5- 
manifolds. For the cohomogeneity one manifolds in Theorem 14. II the special 
orbits are located at y = y\ , y = y2 ■ 

4.2. A higher dimensional generalization. Being Sasaki-Einstein, 
the Reeb foliation for the manifolds in Theorem 14.11 is transversely 
Kahler-Einstein. The Kahler-Einstein metric on a local leaf space is, af- 
ter an appropriate local change of coordinates, given by 

(4.3) g T = l —^L ( d(9 2 + sin 2 M02) + — L,y 2 

6 w{y)q(y) 

. w(y)q(y) , x , 2 
H - (d7 + 5 cos Oacf)) . 

This local Kahler metric is of Calabi form. By definition, the Calabi ansatz 
[31] takes a Kahler manifold (y,gy,uy) of complex dimension m and pro- 
duces a local Kahler metric in complex dimension m + 1 given by 

(4.4) h = (/3 - y)g v + -^-Ay 2 + Y(y) (d 7 + A) 2 , 

u h = (P- y)uv - ^dy A (d7 + A) . 

Here A is a local 1-form on V with dA = 2ujy, Y is an arbitrary function, 
and {3 is a constant. If V is compact of course the 1-form A cannot be 
globally defined on V. However, if (V,ujv) is a Hodge manifold then by 
definition ujy is proportional to the curvature 2-form of a Hermitian line 
bundle over V . In this case the 1-form dj + A may be interpreted globally 
as being proportional to the connection 1-form on the total space P of the 
associated principal U(l) bundle. The Kahler metric (I4.4p is then defined 
on (2/1,2/2) x where the function Y{y) is strictly positive on this interval 
and j/2 < /3 so that (/3 — y) is also strictly positive. 

The Kahler-Einstein metric (I4.3P is locally of this form, where one takes 
(V,gy) to be the standard Fubini-Study Kahler-Einstein metric on CP 1 , 
normalized to have volume 2-7r/3, 4Y(y) = w(y)q(y), and (3 = 1. The 
metric is also cohomogeneity one, where the isometry group has Lie algebra 
su(2) © u(l). In fact this metric was constructed as early as |55| . with 
some global properties being discussed in |85j . One can replace (V, gy) = 
(CP 1 , </Fubini-study) by a general Fano Kahler-Einstein manifold of complex 
dimension m. The metric h in (I4.4p is then itself Kahler-Einstein provided 
Y satisfies an appropriate ordinary differential equation. Remarkably, this 
equation can be solved explicitly in every dimension jlOj, 184] . leading to a 
local 1-parameter family of Kahler-Einstein metrics. However, in the latter 
reference it was shown that this local metric extends to a complete metric on 
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a compact Fano manifold only for a particular member of this family, which 
is then simply the homogeneous Fubini-Study metric on CP m+1 . This family 
of local metrics was subsequently forgotten. 

Given the above discussion, it is perhaps then unsurprising that the 
construction of Sasaki-Einstein manifolds in Theorem 14.11 extends to a con- 
struction of infinitely many Sasaki-Einstein manifolds, in every odd dimen- 
sion 2n — 1 > 5, for every complete Fano Kahler-Einstein manifold (V,gy) 
with dime V = n — 2. The following result was shown in [51], although the 
more precise statement given here appeared later in [73J: 

Theorem 4.3. Let (V,gy) be a complete Fano Kahler-Einstein manifold 
of complex dimension dime V = n — 2 with Fano index I = I(V). Then 
for every choice of positive integers p,k € Z>o satisfying Ip/2 < k < pi, 
gcd(p,k) = 1, there is an associated explicit complete simply- connected 
Sasaki- Einstein manifold in dimension 2n — 1. 

Theorem 14.11 is the special case in which (V, gy) = (CP 1 , ^Fubini-Study) 
and where k = p + q. The proof is almost identical to the proof of Theorem 
14.11 One uses the local 1-parameter family of Kahler-Einstein metrics of 
|10|, I84j to write down a local 1-parameter family of Sasaki-Einstein metrics 
in dimension 2n — 1. This is a local version of the inversion theorem: given 
a (local) Kahler-Einstein metric h with positive Ricci curvature Ric^ = 2nh 
the local metric 

(4.5) g = h+(d^ + A) 2 , 

is Sasaki-Einstein, where A is a local 1-form with dA = 2u)h- After an 
appropriate change of local coordinates, one sees that this local metric can 
be made into a complete metric on a compact manifold for a countably 
infinite number of members of the family. This manifold is the total space 
of a principal U(l) bundle over a manifold which is itself an S 2 bundle 
over V. The latter is obtained from Ky 1 by compactifying each fibre, and 
the integers p, k specify the first Chern class of the principal U(l) bundle. 
Unlike the case n = 3 in Theorem 14.11 the homology groups of these Sasaki- 
Einstein manifolds in general depend on p and k. Determining which of the 
Sasakian structures are quasi-regular and which are irregular is equivalent 
to determining whether a certain polynomial of degree n — 1, with integer 
coefficients depending on p and k, has a certain root which is rational or 
irrational, respectively |72j . 

4.3. Transverse Hamiltonian 2-forms. In [52l l34j it was noted that 
the last construction may be extended further by replacing the Kahler- 
Einstein manifold (V, gy) by a finite set of Fano Kahler-Einstein manifolds 
(V a , g a ), a = 1, . . . , N , and correspondingly extending Calabi's Kahler metric 
ansatz. Moreover, in [37j (see also |70| ) an infinite set of explicit cohomo- 
geneity two Sasaki-Einstein metrics were presented on S 2 x S 3 . These have 
isometry group T 3 . In |70| it was realized that there is a single geometric 
structure that underlies all of these explicit constructions of Sasaki-Einstein 
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manifolds, namely a transverse Hamiltonian 2-form on the Kahler leaf space 
of the Reeb foliation. 

Hamiltonian 2-forms were introduced in [2]: 

Definition 4.4. Let (Z,h,u, J) be a Kahler manifold. A Hamiltonian 2- 
form (ft is a real (1, l)-form that solves non-trivially the equation [2] 



Here Y is any vector field, V denotes the Levi-Civita connection of h, and 
Y b = h(Y,-) is the 1-form dual to Y. 

In fact Hamiltonian 2-forms on Kahler manifolds are related to another 
structure that is perhaps rather more well-known, especially to relativists: 

Proposition 4.5. A (1, l)-form (ft is Hamiltonian if and only if (ft + (Tr^, (ft) u 
is closed and the symmetric 2-tensor S = J {(ft— (Tr w (ft) u) is a Killing tensor; 
that is, SymVS = [in components, VuSj^s = 0). 

The proof is an elementary calculation and may be found in [2J. In fact if 
(ft is Hamiltonian then the (1, l)-form (ft— ^(Tr^cft) u) a is conformal Killing 2- 
form in the sense of [92j . In the relativity literature such a form is also called 
a conformal Killing-Yano form. Again, this leads to an equivalence between 
conformal Killing 2-forms of type (1, 1) and Hamiltonian 2-forms. Conformal 
Killing tensors and forms generalize the notion of conformal Killing vectors. 
The latter generate symmetries of the metric, and the same is true also of 
Killing tensors, albeit in a more subtle way. For example, a classic early 
result was that a Killing form gives rise to a quadratic first integral of the 
geodesic equation [86] . 

The key result about Hamiltonian 2-forms is that their existence leads to 
a very specific form for the Kahler metric h. Moreover, particularly relevant 
for us is that the Kahler-Einstein condition is then equivalent to solving a 
simple set of decoupled ordinary differential equations. Below we just sketch 
how this works, referring the reader to [2] for details. We note that many 
of the resulting ansatze for Kahler metrics had been arrived at prior to the 
work of [2], both in the mathematics literature (as pointed out in [2]), and 
also in the physics literature. The theory of Hamiltonian 2-forms unifies 
these various approaches. 

One first notes that if (ft is a Hamiltonian 2-form, then so is (ftt = (ft — too 
for any t £ K. One then defines the momentum polynomial of (ft to be 



Here m is the complex dimension of the Kahler manifold and * is the Hodge 
operator with respect to the metric h. It is then straightforward to show 
that {p(t)} are a set of Poisson-commuting Hamiltonian functions for the 
1-parameter family of Killing vector fields K(t) = J gr&d h p(t). For a given 
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point in the Kahler manifold, these Killing vectors will span a vector sub- 
space of the tangent space of the point; the maximum dimension of this 
subspace, taken over all points, is called the order s of <j>. This leads to a 
local Hamiltonian T s action on the Kahler manifold, and one may take a 
(local) Kahler quotient by this torus action. The reduced Kahler space is a 
direct product of ./V Kahler manifolds that depends on the moment map level 
at which one reduces, but only very weakly. The 2s-dimensional fibres turn 
out to be orthotoric, which is a rather special type of toric Kahler structure. 
For further details, we refer the reader to reference [2]. However, the above 
should give some idea of how one arrives at the following structure theorem 

of m- 

Theorem 4.6. Let (Z,h,UJ, J) be a Kahler manifold of complex dimension 
m with a Hamiltonian 2- form 4> of order s . This means that the momentum 
polynomial p(t) has s non-constant roots yi,...,y s . Denote the remaining 
distinct constant roots by £i,...,£j\r, where ( a has multiplicity m a , so that 
p{t) = Pnc(t)p c {t) where p nc {t) = f[* =1 (t - Vi ) and p c (t) = U^ii* ~ Ca) ma ■ 
Then there are functions Fx,...,F s of one variable such that on a dense 
open subset the Kahler structure may be written 



N 



a=l i=l 

N s 



p'ivi 



-dy. 



2 . F i(Vi) { /* v« 



2- 



3 

3=1 



Fi{yi) ai p%) 

W = ^2Pnc((a)u) a + ^ d(Ti A 9 { , d6i = ^(-l)*^"*^ 



a=l i=l a=l 

Here U{ denotes the ith elementary symmetric function of the non- constant 
roots yi,...,y s , and aj-i(yi) denotes the (j — l)th elementary symmetric 
function of the s — 1 roots {yk \ k ^ i}. Moreover, (g a ,u) a ) is a positive (or 
negative) definite Kahler metric on a manifold V a with dime V a = m a . 

In fact the Hamiltonian 2-form is simply 

N s 

4> = '^2 CaPnc(Ca)^a + ^ (fTidcJi - dfJ i+ i) A 9 { , 
a=l i=l 

where cr s +i = 0. What is remarkable about this ansatz for a Kahler structure 
is the following |2j: 

Proposition 4.7. The Kahler metric in Theorem \4-6\ is Kahler- Einstein if 
for all i = 1, . . . , s the functions F{ satisfy 

s 

(4.6) Fl(t)=p c (t)J2bjt S - j , 

3=0 
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where bj are arbitrary constants (independent ofi), and for all a = 1,...,N 
±(g a ,oj a ) is Kdhler- Einstein with scalar curvature 



Of course, this result follows from direct local calculations. Notice that 
(|4.6p may immediately be integrated to obtain a local Kahler-Einstein metric 
that is completely explicit, up to the Kahler metrics g a . 

By taking m = n — 1 and &o = —An one can lift such local Kahler- 
Einstein metrics of positive Ricci curvature to local Sasaki-Einstein metrics 
in dimension 2n — 1 using (I4.5p . One may then ask when this local metric 
extends to a complete metric on a compact manifold. 

In fact all known (or at least known to the author) explicit constructions 
of Sasaki-Einstein manifolds are of this form. The Sasaki-Einstein manifolds 
in Theorem 14.31 are constructed this way, with s = 1, N = 1. Indeed, this 
case is precisely the Calabi ansatz (|4.4p for the local Kahler-Einstein met- 
ric, as already mentioned. The generalization in )52[ I34j mentioned at 
the beginning of this section is s = 1 but N > 1. Finally, most interest- 
ing is to take s > 1. In particular, for a Sasaki-Einstein 5-manifold this 
means that necessarily N = 1 and moreover mi = 0. In other words, the 
transverse Kahler-Einstein metric is orthotoric in the sense of reference [2]. 
The results described in this section give the explicit local form of such a 
metric, although it must be stressed that this is not how they were first 
derived. In fact in [37j the local family of orthotoric Kahler-Einstein met- 
rics was obtained by taking a certain limit of a family of black hole metrics. 
These black hole solutions themselves possess Killing tensors. On the other 
hand, in [70j the same local metrics were obtained by taking a limit of the 
Plebanski-Dcmianski metrics [87J, again a result in general relativity. It is 
then simply a matter of analyzing when these local metrics extend to com- 
plete metrics on a compact manifold. The result is the following [37, 170j : 

Theorem 4.8. There exist a countably infinite number of explicit Sasaki- 
Einstein metric on S 2 x S 3 , labelled naturally by 3 positive integers a, b, c G 
Z>o with a < b, c < b, d = a + b — c, gcd(a, b, c, d) = 1, and also such 
that each of the pair {a, b} is coprime to each of {c, d}. For a = p — q, 
b = p + q, c = p these reduce to the Sasaki- Einstein structures in Theorem 
\4-l\ Otherwise they are cohomogeneity two with isometry group T 3 . 

The proof here is rather different to that of the proof of Theorem l4.11 In 
fact it is easiest to understand the global structure using the toric methods 
developed in the next section. For integers {a, b, c} not satisfying some of 
the coprime conditions one obtains Sasaki-Einstein orbifolds. The condi- 
tions under which the Sasakian structures are quasi-regular is not simple to 
determine explicitly in general, and involves a quartic Diophantine equation. 



s 




In this case the Ricci form is ph 



\b Q u. 
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Generically one expects them to be irregular. The next section allows one 
to characterize the Sasaki-Einstein manifolds in Theorem 14.81 they are all 
of the simply-connected toric Sasaki-Einstein manifolds with second Betti 
number ^(S*) = 1- 

5. Toric Sasaki-Einstein manifolds 

5.1. Toric Sasakian geometry. We begin with the following: 

Definition 5.1. A Sasakian manifold (S, g) is said to be toric if there is 
an effective, holomorphic and Hamiltonian action of the torus T n on the 
corresponding Kahler cone (C(S),g,u,J) with Reeb vector field £ 6 tn = 
Lie algebra of T n . 

Here we have used the same symbol for an element of the Lie algebra 
in and the corresponding vector field on C(S) induced by the group action. 
The abuse of notation should not cause confusion as the meaning should 
always be clear. The Hamiltonian property means that T n acts on constant 
r surfaces in C{S). This in turn implies that there exists a T ra -invariant 
moment map 

(5.1) ii : C(S) -> t; , where ( M , = \r 2 n{Q , V£ G t n . 

Definition EI] is taken from |74j . and is compatible with the earlier definition 
of toric contact manifold appearing in |16| (up to a factor of \ in the moment 
map definition). 

The condition on the Reeb vector field, ^ E in, implies that the image 
/j,(C(S)) U {0} is a strictly convex rational polyhedral cone C* C t* |44L I66j . 
(Toric symplectic cones with Reeb vector fields not satisfying this condition 
form a short list and have been classified |66j .) By definition this means 
that C* may be presented as 

(5.2) C* = {y£i* n \ {y,v a )>0, a = 1, . . . , d} C t n . 

Here the rationality condition means that v a € Z^n = kerjexp : tn —> T n }. 
On choosing a basis this means that we may think of v a € Z n C M. n = tn, and 
without loss of generality we assume that the {v a } are primitive. We also 
assume that the set {v a } is minimal, in the sense that removing any v a from 
the definition in (|5.2p would change the polyhedral cone C* . The strictly 
convex condition means that C* is a cone over a compact convex polytope 
of dimension n — 1. It follows that necessarily the number of bounding 
hyperplanes is d > n. 

We denote by Int C* the open interior of C*. The T n action on n~ l (IntC*) 
is free, and moreover the latter is a Lagrangian torus fibration over IntC*. 
On the other hand, the bounding faces (called facets) {(y,v a ) = 0} nC* lift 
to T n ~ 1 -invariant complex codimension one submanifolds of C(S) that are 
fixed point sets of the U(l) = TcT n subgroup specified by v a S Z^n. 

The image fi(S) = fi({l} xSc C(S)) is easily seen from (15. ip to be 

n(s) = {y€C*\( y ,0 = ±}. 
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Here the hyperplane {y G t* | (y, £) = j) C t* is called the characteristic 
hyperplane [16j . This intersects the moment cone C* to form a compact 
ra-dimensional polytope A(£) = ^({r < 1}), bounded by dC* and a (n — 1)- 
dimensional compact convex polytope H(£) which is the image n(S) of the 
Sasakian manifold S in t*. Since //(£) = ^r 2 > on C(5) this immediately 
implies that the Reeb vector field £ € Int C where 



is the dual cone to C*. This is also a convex rational polyhedral cone by 
Farkas' Theorem. 

Recall that in section [L4"l we explained that the space X = C(S)U{r = 0} 
can be made into a complex analytic space in a unique way. For a toric 
Sasakian manifold in fact X is an affine toric variety; that is, X is an affine 
variety equipped with an effective holomorphic action of the complex torus 

= (C*) n which has a dense open orbit. The affine toric variety X may 
be constructed rather explicitly as follows. Given the polyhedral cone C* 
one defines a linear map A : M. d — > W n via A(e a ) = v a , where {e a } denotes 
the standard orthonormal basis of R . The strictly convex condition on C* 
implies that A is surjective. This induces a corresponding map of tori A : 
T d -> TP. The kernel ker A is a compact abelian subgroup ofT d of rank d —n 
and 7To(ker A) = ZTn/span z {t> a }. Then the affine variety X is simply X = 
Spec C [21, . . . , Zd] kerA , the ring of invariants. This is a standard construction 
in toric geometry [46 1, and goes by the name of Delzant's Theorem. The fact 
that X is toric is also clear via this construction: the torus T^. = T^/ ker Ac 
acts holomorphically on X with a dense open orbit. In this algebro-geometric 
language the cone C is precisely the fan for the affine toric variety X. 

Let dfc, i = 1, . . . , n, be a basis for tn, where & £ [0, 2ir) are coordinates 
on the real torus T n . We then have the following very explicit description 
of the space of toric Sasakian metrics [74J: 

Proposition 5.2. The space of toric Kdhler cone metrics on C(S) is a 
product 



where £ 6 IntC C in labels the Reeb vector field and H 1 ^*) denotes the 
space of homogeneous degree one functions on C* that are smooth up to the 
boundary (together with the convexity condition below). 
Explicitly, on the dense open image o/TS we have 



C = {£etn \ (y,0>0, VyeC*}ct, 



■n 



IntC x H (C*) 



n 



(5.3) 




where Gij = d y .d y .G with matrix inverse G 13 , and the function 



(5.4) 



G{y) = G c Uy) + G^y)+^{y) 
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is required to be strictly convex with ip(y) e W-{C*) and 
1 d 



2 

a=l 



The coordinates (yi,(j>i) are called symplectic toric coordinates. The y^ 
are simply the Hamiltonian functions for d^r. 



n 

Vi = (fi, dfa) = |rV#&) , u = V dyi A d^ 



i=i 



The function G(y) is called the symplectic potential. Setting G{y) = G can (y) 
gives precisely the Kahler metric on C(S) induced via Kahler reduction of 
the flat metric on C d . That is, C(S) equipped with the metric given by (15.3|) 
and G{y) = G ca , n (y) is isomorphic to the Kahler quotient (C d , Wfl a t) / / ^ker A 
at level zero. The origin of C d here projects to the singular point {r = 0} in 
X. The function G can (y) has a certain singular behaviour at the boundary 
dC* of the polyhedral cone. This is required precisely so that the metric 
compactifies to a smooth metric on C(S). By construction, the Kahler 
metric g in ()5.3[) is a cone with respect to rd r = Yli=i ^Vi^yi ■ O n the other 
hand, the complex structure in these coordinates is 



J 



-G ij 
Gu 



and one easily checks that J(rd r ) = Yli j=i ^GijVjdfc = d with £ determined 
by G^{y) in (|5.4p . Proposition 15.21 extends earlier work of Guillemin |57j and 
Abreu pQ from the Kahler case to the Sasakian case. 
The following topological result is from 



Proposition 5.3. Let S be a toric Sasakian manifold. Then tt\{S) = 
Z T n/ S pan z K} ; n 2 {S) Z d ~ n . 

In particular, S is simply-connected if and only if the vectors {v a } that 
define the moment polyhedral cone C* form a Z-basis of Zx« = Z n . Using 
the Hurewicz Isomorphism Theorem and Smale's Theorem 12 . 71 then gives: 

Corollary 5.4. Let S be a simply- connected toric Sasakian 5-manifold. 
Then S is diffeomorphic to j^k [S 2 x 5 3 ) where k = d — n. 

Finally, we note that an affine toric variety is ^-Gorenstein in the sense 
of Definition 11.111 if and only if there is a basis for the torus T n for which 
v a = (£,w a ) for each a = l,...,d, and w a G Z n_1 . In particular, for a 
simply-connected toric Sasaki-Einstein manifold the affine toric variety X 
will be Gorenstein, and hence there will exist a basis such that v a = (1, w a ). 
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Example 5.5. The Sasaki-Einstein manifolds in Theorem 14. 81 are toric, and 
in fact the proof makes it evident that the corresponding affine toric varieties 
are X = SpecC[zi, Z2, z%, z^* ( a ' b ' c \ where C*(a, b,c) is the 1-dimensional 
subgroup of (C*) 4 specified by the lattice vector (a, b, — c, —a — b + c). The 
fact that the entries in this vector sum to zero is equivalent to X being 
Gorenstein. 

5.2. Sasaki-Einstein metrics. Proposition 15.21 gives a rather explicit 
description of the space of toric Sasakian metrics on the link of an affine toric 
singularity. We may then ask which of these are Sasaki-Einstein. In fact a 
rather more basic question is for which Reeb vector fields £ G IntC is there 
a Sasaki-Einstein metric. Notice there was no analogous question in the 
approach of section [3) there we had a fixed affine variety, namely a weighted 
homogeneous hypersurface singularity, with a fixed choice of holomorphic 
Reeb vector field £ — iJ(£), namely that associated to the weighted C* action. 

Without any essential loss of generality, we consider simply-connected 
Sasakian manifolds. Then we know that the corresponding affine toric va- 
riety must be Gorenstein if the cone is to admit a Ricci-flat Kahler cone 
metric, and hence there is a basis such that v a = (l,w a ). We assume we 
have chosen such a basis. 

The key idea in [74\ was that an Einstein metric g on S with Ricci 
curvature Ric ff = 2(n — l)g is a critical point of the Einstein-Hilbert action 



where dfj, g is the Riemannian volume form associated to the metric g and 
as earlier Scal g denotes the scalar curvature. We may then restrict this 
functional to the space of toric Sasakian metrics. The insight in |74j was 
that this functional in fact depends only on the Reeb vector field £ of the 
Sasakian structure. Direct calculation gives: 

Proposition 5.6. The Einstein-Hilbert action \5. 5\) . restricted to the space 
of toric Sasakian metrics on the link of an affine toric Gorenstein singular- 
ity, induces a function I : Int C R given by 



Here e\ = (1, 0, 0, ... , 0) and vol(A(£)) denotes the Euclidean volume of the 
polytope A(£) = fi({r < 1}). 

A toric Sasaki-Einstein metric is a critical point of I defined in (15. 6ft . 
Of course C is itself a cone, and one may first take the derivative of I 
along the Euler vector field of this cone. Using the fact that vol(A(£)) is 
homogeneous degree — n one easily checks that this derivative is zero if and 
only if (ei,£) = n. Thus a critical point of I lies on the interior of the 
intersection of this plane with C. Call the latter compact convex polytope 
P C t n . It follows that the Reeb vector field for a Sasaki-Einstein metric is 



(5.5) 




(5.6) 



1(0 = 8n(n - l)(27r) n [<ei,0 - (n - 1)] vol(A(0) • 
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a critical point 



of 



I | IntP = 8n(n - l)(27r) n vol(A) . 



This is, up to a constant of proportionality, also just the Riemannian volume 
of (S,g). If we write £ = Y17=i ^<j>i then it is simple to compute 



Here da is the standard measure induced on the (n — l)-polytope H(^) = 
n(S) C C*. Uniqueness and existence of a critical point of / now follows 
from a standard convexity argument: vol(A) is a strictly convex (by (|5.8p ) 
positive function on the interior of a compact convex polytope P. Moreover, 
vol(A) diverges to +00 at dP. This can be seen rather explicitly from the 
formula for the volume of the polytope vol (A), but more conceptually for 
£ € dC the vector field £ in fact vanishes somewhere on C(S). Specifically, 
the bounding facets of C correspond to the generating rays of C* under the 
duality map between cones; £ being in a bounding facet of C implies that 
the corresponding vector field then vanishes on the inverse image, under 
the moment map, of the dual generating ray of C* . It follows from these 
comments that / must have precisely one critical point in the interior of P, 
and we have thus proven: 

Theorem 5.7. There exists a unique Reeb vector field £ £ Int C for which the 
toric Sasakian structure on the link of an affine toric Gorenstein singularity 
can be Sasaki- Einstein. 

Having fixed the Reeb vector field, the problem of finding a Sasaki- 
Einstein metric now reduces to deforming the transverse Kahler metric to a 
transverse Kahler-Einstein metric. As in the regular and quasi-regular cases, 
this is a Monge- Ampere problem. To analyze this it is more convenient to 
introduce complex coordinates. Recall that the complex torus is a dense 
open subset of C(S). Introducing log complex coordinates z% = Xi + ify on 
T^, the Kahler structure is 



(5.7) 




(5.8) 




n 




Here the Kahler potential is F(x) = |r 2 and F{j = d Xi d Xj F. This is related 
to the symplectic potential G by Legendre transform 




SASAKI-EINSTEIN MANIFOLDS 



13 



Having fixed the holomorphic structure on C(S) (this being determined 
uniquely up to equivariant biholomorphism by C*) and fixing the Reeb vector 
field to be the unique critical point of I, we may set ip = in (I5.4p to obtain 
an explicit toric Sasakian metric go that is a critical point of /. This is our 
background metric. We are then in the situation of Proposition 11.41 any 
other Sasakian metric with the same holomorphic structure on the cone and 
same Reeb vector field is related to this metric via a smooth basic function 
4> € C|P(»S). Thus, if g is a Sasaki-Einstein metric with this property then 

uj t - ujq = id B 3 B <p , 

where ojq and oj t are the transverse Kahler forms associated to go and g, 
respectively. The holomorphic volume form on C(S) is [74] 

(5.9) Q = e Xl+i<t>1 (dxi + id0i) A ••• A (dx n + id<£„) , 

and the critical point condition (ei, £) = n is equivalent to C^Vt = inO. Thus 
using Proposition ll.lOl and the transverse dd lemma again we may also write 

(5.10) pi - 2nujT = id B B B f , 

with / € C^ 3 (S') smooth and basic. Then Proposition 12.81 goes through 
in exactly the same way in the transverse sense, with resulting transverse 
Monge- Ampere equation 

det ( g T__ + &±_) 

(5.11) I 0,3 T dZ ' dZ ' J = , 

det qi .-. 

where now z\, . . . , z n -\ are local complex coordinates on the leaf space of 
the Reeb foliation T^. 

This problem was recently studied in detail in |48j . In fact the Monge- 
Ampere problem is almost identical to the case of toric Kahler-Einstein 
manifolds studied in [108J. The moment polytope in the latter case is es- 
sentially replaced by the polytope H(£) in the Sasakian case. The continuity 
method is used to prove existence, as in section [3T3l and crucially the work of 
[43] on extending Yau's estimates (110 ] to transverse Monge- Ampere equa- 
tions is appealed to to show that the C° estimate for the basic function 
is sufficient to solve the equation. Thus the main step is to prove the C° 
estimate for (f>, and this closely follows the proof in the Kahler-Einstein case 
[108] . The result of [48J, [35] is the following: 

Theorem 5.8. There exists a unique toric Sasaki- Einstein metric on the 
link of any affine toric Gorenstein singularity. 

Here uniqueness was proven in [35] . and is understood up to automor- 
phisms of the transverse holomorphic structure. Thus the existence and 
uniqueness problem for toric Sasaki-Einstein manifolds is completely solved. 
We note that in [35] the authors stated this theorem with the weaker require- 
ment that the affine toric singularity is ^-Gorenstein. For I > 1 the links of 
such singularities will not be simply-connected, although the converse is not 
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true. However, more importantly the existence of a Killing spinor implies 
the Gorenstein condition, as discussed in section [L6| which is why we have 
presented Theorem 15.81 this way. If one does not care for the existence of 
a Killing spinor, one can weaken the Gorenstein condition to Q-Gorenstein 
(^-Gorenstein for some £). 

Combining Theorem l5.8l with the topological result of Corollory l5.4l leads 

to: 

Corollary 5.9. There exist infinitely many toric Sasaki- Einstein structures 
on #k [S 2 x S 3 ) , for every k > 1. 

In fact we have now done enough to see that the explicit metrics in 
Theorem 14.81 are all of the toric Sasaki-Einstein metrics on 5 2 x 5 3 . 

Example 5.10. We comment on two particularly interesting examples. The 
Sasaki-Einstein structure on S 2 x S 3 with p = 2, q = 1 in Theorem 14.11 has 
corresponding affine variety X = SpecCf^i, 2:2, 2:3, ,Z4] C *( 2 ' 2 ' _1 ' _3 ) [71] . Using 
standard toric geometry methods it is straightforward to see that X \ {0} is 
the total space of the canonical line bundle over the 1-point blow up of CP 2 , 
minus the zero section. Equivalently, X is obtained from this canonical line 
bundle by contracting the zero section. The latter is a Fano surface which 
doesn't admit a Kahler-Einstein metric, as discussed in section 12.41 It is 
equivalent to say that the canonical choice of holomorphic Reeb vector field 
£ — iJ(^) that rotates the C* fibre over the del Pezzo surface cannot be the 
Reeb vector field for a Sasaki-Einstein metric. Indeed, in this example one 
can easily compute the function / in Proposition 15.61 and show that this 
choice of £ is indeed not a critical point. Instead the critical £ gives an 
irregular Sasaki-Einstein structure of rank 2 [74J. 

In the latter case this irregular Sasaki-Einstein structure associated to 
the 1-point blow-up of CP 2 is completely explicit. For the 2-point blow-up 
there is no known explicit metric, but Theorem 15.81 implies there exists a 
unique toric Sasaki-Einstein metric on the total space of the principal U(l) 
bundle associated to the canonical line bundle over the surface. In [74J the 
critical Reeb vector field was computed explicitly, showing that this is again 
irregular of rank 2. 

Finally, although Theorem 15.81 settles the existence and uniqueness of 
toric Sasaki-Einstein manifolds in general, we point out that prior to this 
result van Coevering [105J proved the existence of infinite families of dis- 
tinct toric quasi-regular Sasaki-Einstein structures on #k(S 2 x S 3 ), for each 
odd k > 1, using a completely different method. He finds certain quasi- 
regular toric Sasakian submanifolds of 3-Sasakian manifolds obtained via 
the quotient construction mentioned in section 11.51 an d then applies an 
orbifold generalization of a result of Batyrev-Selivanova [8j to deform the 
corresponding Kahler orbifold to a Kahler-Einstein orbifold. Thus, although 
3-Sasakian geometry plays a role in this construction, the Sasaki-Einstein 
metrics are not induced from the 3-Sasakian structure. 
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6. Obstructions 



6.1. The transverse Futaki invariant. A toric Sasaki-Einstein met- 
ric has a Reeb vector field £ which is a critical point of the function / in 
Proposition 15.61 The derivative of I is of course a linear map on a space 
of holomorphic vector fields, and its vanishing is a necessary (and in the 
toric case also sufficient) condition for existence of a Sasaki-Einstein met- 
ric, or equivalently a transverse Kahler-Einstein metric for the foliation J-^. 
Given the discussion in section 12.41 it is then not surprising that the deriva- 
tive of the function / is essentially a transverse Futaki invariant. This was 
demonstrated in [75j, although our discussion here follows more closely the 
subsequent treatment in [48] . 

Throughout this section we suppose that we have Sasakian structure 
S with Reeb foliation J 7 ^ satisfying < cf S H^ l {F^) and = c\{D) € 
H 2 (S, R). Via Proposition II . 101 it is equivalent to say that, after a possible 
D-homothetic transformation, we have 2vrcf = n[drj] € H 1 /^) . As- 
suming also that S is simply-connected, then by Proposition 11.101 it is also 
equivalent to say that the corresponding Stein space X = C(S) U {r = 0} 
is Gorenstein with £^£1 = in£l, where is a nowhere zero holomorphic 
(n,0)-form on C(S). 

Following |48] we begin with: 

Definition 6.1. A complex vector field £ on a Sasakian manifold S is said 
to be Hamiltonian holomorphic if 

(1) its projection to each leaf space is a holomorphic vector field; and 

(2) the complex-valued function = ^(C) satisfies 



Such a function is called a Hamiltonian function. 

If (x, zi, ■ ■ ■ , z n -\) are coordinates for a local foliation chart U a then one 
may write 



where ( l are local basic holomorphic functions. 

It is straightforward to see that £ + \rj{C,)rd r is then a holomorphic vec- 
tor field on C{S). A Hamiltonian holomorphic vector field in the sense of 
Definition 16.11 is precisely the orthogonal projection to S = {r = 1} of a 
Hamiltonian holomorphic vector field on the Kahler cone (C(S),g, uj) whose 
Hamiltonian function is basic and homogeneous degree zero under rd r . As 
pointed out in |48j . the set of all Hamiltonian holomorphic vector fields is 
a Lie algebra f). Moreover, if the transverse Kahler metric has constant 
scalar curvature then f) is necessarily reductive [82] ; this is a transverse 
generalization of the Matsushima result mentioned in section 12.41 Thus 



9bu<: = -\i(dr] . 



c 




X ) 
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the nilpotent radical of fj acts as an obstruction to the existence of a trans- 
verse constant scalar curvature Kahler metric, and in particular a transverse 
Kahler-Einstein metric. 

Since 2ircf = n[drj\, by the transverse dd lemma there exists a discrep- 
ancy potential / E C^(S) such that 

p T - ndr) = id B d B f ■ 

We may then define 

(6.1) n0= [ C(/)dM*. 

Js 

Here the Riemannian measure is 

(6.2) du a = -r ? A(dr ? ) ri - 1 . 

v > ^9 2™- 1 (n-l)! ' v ,; 

Compare this to the Futaki invariant (|2.5|) : in the regular, or quasi-regular, 
case (|6.ip precisely reduces to (|2.5p by integration over the U(l) Reeb fibre, 
up to an overall proportionality constant. By following Futaki's original 
computation [47J it is not difficult to show that J^"(C) is independent of the 
transverse Kahler metric in the Kahler class [co T ] = [\drj\ £ H B ^{J-^). Thus 
& : f) — » C is a linear function on f) whose non-vanishing obstructs the 
existence of a transverse Kahler-Einstein metric in the fixed basic Kahler 
class. This result was extended |48|, I28j to obstructions to the existence of 
Sasakian metrics with harmonic basic fcth Chern form, again generalizing 
the Kahler result to the transverse setting. 

6.2. The relation to Kahler cones. The results of section [5] mo- 
tivated the following set-up in [75J. Fix a complex manifold (C(S) = 
M>o x S,J) where S is compact, with maximal torus T s C Aut(C(S), J). 
Then let KCM(C(S), J) be the space of Kahler cone metrics on (C(S), J) 
which are compatible with the complex structure J and such that T s acts 
Hamiltonianly (preserving constant r surfaces) with the Reeb vector field 
£ € i s = Lie algebra of T s . For each metric in KCM(C(5), J) there is then 
an associated moment map given by 

fi:C(S)^t* s , ( f i,Q = lr 2 r l (() . 

The image is a strictly convex rational polyhedral cone |44j . and moreover 
all these cones are isomorphic for any metric in KCM(C(S'), J). The toric 
case is when the rank of the torus is maximal, s = n. 

For any metric g G KCM(C(S),J) we may consider the volume func- 
tional 

(6.3) Vol : KCM(C(5), J) M >0 , Vol(g) = / dfi g = vo\(S,g) . 

Js 
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Here g is the Sasakian metric on S induced from the Kahler cone metric g. 
Alternatively, it is simple to see that 

(6.4) 2 n -\n- l)!Vol(5) = / e^/ 3 dfi = f e - 2 /2^ 

JC(S) Jc(S) n - 

where uj is the Kahler form for g. Of course, the volume of the cone itself is 
divergent, and the factor of exp(— r 2 /2) here acts as a convergence factor. 
Since ^r 2 is the Hamiltonian function for the Reeb vector field £, the second 
formula in (|6.4p takes the form of a Duistermaat-Heckman integral \41[ 142] . 
Corresponding localization formulae were discussed in [75J, but we shall not 
discuss this here. We then have the following from [75]: 

Proposition 6.2. The functional Vol depends only on the Reeb vector field 

This perhaps needs some clarification. Via Proposition 11.41 any two 
Kahler cone metrics g, g' E KCM(C(5), J) with the same Reeb vector field 
£ have corresponding contact forms related by 

rf = V + d B <t> , 

where 4> € C^(S) is basic with respect to J-£. Notice that the Kahler cone 
metrics will have Kahler potentials given by smooth functions r, r', and 
that these then give different embeddings of S into C(S). Proposition 16.21 
is proven by writing r' = r exp(£0/2) and showing that the derivative of Vol 
with respect to t at t = is zero, independently of the choice of <f> € C^(S). 
We may next consider the derivatives of Vol [75J : 

Proposition 6.3. The first and second derivatives of Vol are given by 

(6.5) dVol(x) = -n rjixl^g , 

Js 

(6.6) d 2 Vol(xi,X2) = n(n + l) r](xi)v(X2)dfi g . 

Js 

More formally, what we mean here by (|6.5H is that we have a 1-parameter 
family {g(t)}- e< t< t of Kahler cone metrics in KCM(C(5), J) with g(0) = g 
and x = d£/di | t=o - Then (16. 5p is the derivative of Vol with respect to t at 
t = 0. Similarly for the second derivative (|6.6p . Of course, these formulae 
reduce to (15. 7p . (|5.8fl . respectively, in the toric case. Also as in that case, 
the second derivative formula implies that Vol is formally a strictly convex 
function. Notice that setting x = £ m (|6.5p implies that Vol is homogeneous 
degree —n under a D-homothetic transformation with £ i— > A£. Indeed, 
(|1.13p implies that rj i— > A" 1 ^ and hence the volume element ()6.2p scales as 
d{i g i y \~ n dfi g . 

Of course our interest is Ricci-flat Kahler cones. If S is simply-connected, 
which we assume for simplicity, then a necessary condition for (C(5), J) to 
admit a compatible such metric is that there is a compatible nowhere zero 
holomorphic (n, 0)-form f2. The analytic space X = C{S) U {r = 0} is 
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hence Gorenstein. We then introduce the space KCM(C(S),J7) as those 
g G KCM(C(S),J) such that C^Q = infi. By Proposition (TTOl this is 
equivalent to those g for which [p T ] = 2n[L0 T ] € Hg (J-t), where £ is the 
associated Reeb vector field for the Kahler cone metric g. As discussed 
around Proposition [LTUl this is a necessary condition for a Sasaki-Einstein 
metric. We then have the following from [75J: 

Proposition 6.4. The Einstein- Hilbert action \5. 5\) , interpreted as a func- 
tional on the space KCM(C(<f?), O), depends only on the Reeb vector field (in 
the same sense as Proposition \6.2\) . Moreover, 

(6.7) 1(g) = 4(n - l)Vol(£) , 

for g € KCM(C(S),n). 

Again, the proof is by direct calculation. Since a Ricci-flat Kahler cone 
metric is a critical point of /, the derivative of / is an obstruction. More 
precisely, combining the last two Propositions gives: 

Corollary 6.5. Let g € KCM(C(S), O). Then a necessary condition to be 
able to deform the corresponding Sasakian metric g on S via a transverse 
Kahler deformation to a Sasaki-Einstein metric is that 

(6.8) / v (x)dng = 

Js 

holds for all x & t s satisfying C x £l = 0. 

By assumption, a vector field x G t s is holomorphic on the cone and 
preserves the Kahler structure. The condition that it also preserves guar- 
antees we are varying within KCM(C(»5), O), in accordance with Proposi- 
tion 16.41 Since x preserves r there is a corresponding Hamiltonian function 
\x x given by \x x = (/x, x) = \ r2r l{x)- Since also £ € t s , in particular [£, x] = 
and it follows that [i x is a basic function of homogeneous degree zero under 
rd r . Thus by the comments after Definition 16.11 the orthogonal projection 
to S of x is a Hamiltonian holomorphic vector field on S. Let us denote this 
by P*X where p : C(S) — > S is the projection. 

In |75j it was shown that for x as m Corollary 16.51 

dVol(x) = -n ! 77( X )d/i fl = ~ I p*J(x)(/)d/i 9 = ~&(p*J(x)) . 
J S J s 

where & was defined in (|6.ip . The proof in |75j used spin geometry, while 
in [48] the same relation was obtained without using spinors. Both are 
quite elementary computations and we refer the reader to these references 
for details. 

Thus the Futaki invariant attains an interesting new interpretation when 
lifted to Sasakian geometry: it is essentially the derivative of the Einstein- 
Hilbert action for Sasakian metrics. 
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6.3. The Bishop and Lichnerowicz obstructions. We turn now to 
two further simple obstructions { 53j to the existence of a Ricci-flat Kahler 
cone metric. As in the previous section, we fix a complex manifold (C(S) = 
R>o x S, Q), with S compact and O a nowhere zero holomorphic (n, 0)-form 
on C(S). For example, we could take this to be the smooth part Xp \ {o} of 
a weighted homogeneous hypersurface singularity, as in section 13.41 We will 
suppose that g G KCM(C(S), fi) is a Ricci-flat Kahler cone metric on C(S) 
compatible with this structure, with some Reeb vector field £, and aim to 
show that under certain conditions we are led to a contradiction. 

Recall from Proposition 16.21 that the Riemannian volume of a Sasakian 
manifold induced from a choice of Kahler cone metric g G KCM(C(5),fi) 
depends only on the Reeb vector field £. Here the underlying complex 
manifold is regarded as fixed. We may also understand this as follows: 

Proposition 6.6. Suppose that g G KCM(C(S),Q) induces a regular or 
quasi-regular Sasakian structure on S (simply- connected) with Kahler leaf 
space Z. Then 

(KQ\ VQl(g,g) _ I(Z) f 

1 j V0l(S2-l, 5standard ) „» J z Cl[A) ' 

where I(Z) G Z >0 is the orbifold Fano index of Z and (5 2n_1 , ^standard) is 
the standard round sphere. 

The condition g G KCM(C(5'),0) implies that, in the regular or quasi- 
regular case, \pz\ = 2n[uj]z G H 1,l (Z, R). The above result then follows 
since c\{Z) is represented by pz/2n. Notice also that we have integrated 
over the Reeb U{1) fibre. Here the simply-connected condition means that 
the associated complex line orbibundle has first Chern class —ci(Z)/I(Z), 
as in Theorem 13. 11 which determines the length of the generic Reeb S 1 fibre. 

Note that VOl(S 2n -\ Standard) = 2ir n / (n - 1)!. 

In the regular or quasi-regular case, the independence of the volume of 
transverse Kahler transformations follows simply because the volume of the 
Kahler leaf space depends only on the Kahler class. On the other hand, this 
is sufficient to prove the more general statement in Proposition 16.21 since the 
space of quasi-regular Reeb vector fields in KCM(C(S I ), Q) is dense in the 
space of all possible Reeb vector fields. This is simply the statement that 
an irregular Reeb vector field corresponds to an irrational slope vector in t s , 
while regular or quasi-regular Reeb vector fields are rational vectors in this 
Lie algebra. The latter are dense of course. 

Example 6.7. Our main class of examples will be the weighted homoge- 
neous hypersurface singularities of section 13.41 Thus C(S) is the smooth 
locus X F \ {o}, with Q given by (l3TT0|) . If g G KCM(C(5),0) with Reeb 
vector field generating the canonical £7(1) C C* action given by the corre- 
sponding weighted C* action, then one can compute 

2d /vr(|w| - dY 



(6.10) vol(S,<7) = 

w(n — 1)1 \ n 
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The reader should consult section 13.41 for a reminder of the definitions here. 
One can prove (|6.10p either by directly using (|6.9j) . which was done in jl 1 j 
for the case of well-formed orbifolds (where all orbifold singularities have 
complex codimension at least 2), or [53J using the methods developed in 
[75]. 

We turn now to the related obstruction. Bishop's theorem [13] implies 
that for any (2re — l)-dimensional compact Einstein manifold (S,g) with 
Ric 9 = 2(n — l)g we have 

(6.11) vol(5,g) <vo\(S 2n -\g standard ) • 

In the current set-up the left hand side depends only on the holomorphic 
structure of the cone C(S) and Reeb vector field £. If one picks a Reeb vector 
field and computes this using, for example, (]6.9p . and the result violates 
(16. lip , then there cannot be a Ricci-flat Kahler cone metric on (C(S),Q) 
with £ as Reeb vector field. 

Of course, it is not clear a priori that this condition can ever obstruct 
existence in this way. However, Example 16.71 shows that the condition is not 
vacuous. Combining (I6.10P with (16. lip leads immediately to: 

Theorem 6.8. The link of a weighted homogeneous hypersurface singularity 
admits a compatible Sasaki- Einstein structure only if 

d(\w\ -d) n < wn n . 

It is simple to write down infinitely many examples of weighted homo- 
geneous hypersurface singularities that violate this inequality. For example, 
take F = z 2 + z%+ z\-\- z\. For k odd the link is diffeomorphic to S 5 , while for 
k even it is diffeomorphic to S 2 x S 3 . The Bishop inequality then obstructs 
compatible Sasaki-Einstein structures on these links for all k > 20. 

On the other hand, in [53] we conjectured more generally that for regular 
Reeb vector fields the Bishop inequality never obstructs. This is equivalent 
to the following conjecture about smooth Fano manifolds: 

Conjecture 6.9. Let Z be a smooth Fano manifold of complex dimension 
n — 1 with Fano index I(Z) G Z>o- Then 

I(Z) [ Cl {Z) n ~ x < n [ Cl {C¥ n - l ) n - 1 = n 11 , 
J z Jcp"- 1 

with equality if and only if Z = CP n_1 . 

This is related to, although slightly different from, a standard conjecture 
about Fano manifolds. For further details, see [53j . 

We turn next to another obstruction. To state this, fix a Kahler cone 
metric g £ KCM(C(5),il) with Reeb vector field £ and consider the eigen- 
value equation 



(6.12) 



£(/) = iA/ 
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Here / : C(S) — > C is a holomorphic function and we consider A > 0. 
The holomorphicity of / implies that / = r x u where u is a complex-valued 
homogeneous degree zero function under rd r , or in other words a complex- 
valued function on S. Now on a Kahler manifold a holomorphic function 
is in fact harmonic. That is Agf = 0, where Ag denotes the Laplacian on 
(C(S),g) acting on functions. On the other hand, since g = dr 2 + r 2 g is a 
cone we have 

A g = r- 2 A g - r~ 2n+l d r (r 2 "" 1 ^) , 
and so (|6.12p implies that 

AgU = vu , 

where 

(6.13) v = X(X + 2(n- 1)) . 

In other words, a holomorphic function / on C(S) with definite weight A, as 
in (|6.12j) . leads automatically to an eigenfunction of the Laplacian A g = d*d 
on (S,g) acting on functions. 

We again appeal to a classical estimate in Riemmanian geometry. Sup- 
pose that (S,g) is a compact Einstein manifold with Ric 9 = 2(n — l)g. The 
first non-zero eigenvalue v\ > of A g is bounded from below 

vi > 2n - 1 . 

This is Lichnerowicz's theorem |68j . Moreover, equality holds if and only if 
(S,g) is isometric to the round sphere (S" 2 ™ -1 , Standard) [83J. From (|6.13p 
we immediately see that for holomorphic functions / on C(S) of weight A 
under £, Lichnerowicz's bound becomes A > 1. This leads to another poten- 
tial holomorphic obstruction to the existence of Sasaki-Einstein structures. 
Again, a priori it is not clear whether or not this will ever serve as an ob- 
struction. In fact for regular Sasakian structures one can prove [53] this 
condition is always trivial. This follows from the fact that I(Z) < n for any 
smooth Fano Z of complex dimension n — 1. 

However, there exist plenty of obstructed quasi-regular examples: 

Theorem 6.10. The link of a weighted homogeneous hypersurface singular- 
ity admits a compatible Sasaki- Einstein structure only if 

|w| — d < nw m i n . 

Here w m i n is the smallest weight. Moreover, this bound can be saturated 
if and only if (C(S),g) is C" \ {0} with its flat metric. Notice this result 
is precisely the necessary direction in Theorem 13.101 As another example, 
consider again the case F = z\ + z\ + z 2 + z\ . The coordinate z^ has Reeb 
weight A = 6/(k + 2), which obstructs for all k > 4. For k = 4 we have A = 1, 
but since in this case the link is diffeomorphic to S* 2 x S s the Obata result 
[83] obstructs this marginal case also. In fact these examples are interesting 
because the compact Lie group £0(3) x U(l) is an automorphism group 
of the complex cone and acts with cohomogeneity one on the link. The 
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Matsushima result implies this will be the isometry group of any Sasaki- 
Einstein metric, and then Theorem 14.21 in fact also rules out all k > 3. 
Indeed, notice that k = 1 corresponds to the round S 5 while k = 2 is the 
homogeneous Sasaki-Einstein structure on S 2 x S 3 . The reader will find 
further interesting examples in [53]. 

Very recently it has been shown in [33 ] that for weighted homogeneous 
hypersurface singularities the Lichnerowicz condition obstructs if the Bishop 
condition obstructs. More precisely: 

Theorem 6.11. Let wq, . . . ,w n ,d be positive real numbers such that 

d(\w\-d) n > wn n , 
and d < |w|, where |w| = X^ILo 1 ' 7 *' w = nr=o U7 «- Then |w[ — d > nw m \ n . 

In particular, this shows that Conjecture 16.91 is true for smooth Fanos 
realized as hypersurfaces in weighted projective spaces. 

As a final comment, we note that more generally the Lichnerowicz ob- 
struction involves holomorphic functions on (C{S),Vt) of small weight with 
respect to £, whereas the Bishop obstruction is a statement about the vol- 
ume of (S,g), which is determined by the asymptotic growth of holomorphic 
functions on C(S), analogously to Weyl's asymptotic formula |11|, 153] . 

7. Outlook 

We conclude with some brief comments on open problems in Sasaki- 
Einstein geometry. Clearly, one could describe many more. We list the 
problems in decreasing order of importance (and difficulty). 

In general, the existence of a Kahler-Einstein metric on a Fano manifold 
is expected to be equivalent to an appropriate notion of stability, in the 
sense of geometric invariant theory. We discussed this briefly in section 12.41 
and described K-stability. The relation between the Futaki invariant and 
such notions of stability is well-understood. Very recently, in the preprint 
|90| the Lichnerowicz obstruction of section [6] was related to stability of 
Fano orbifolds. The stability condition comes from a Kodaira-type embed- 
ding into a weighted projective space, as opposed to the Kodaira embedding 
into projective space used for Fano manifolds. This then leads to a notion 
of stability under the automorphisms of this weighted projective space. In 
particular, slope stability leads to some fairly explicit obstructions to the 
existence of Kahler-Einstein metrics (or more generally constant scalar cur- 
vature Kahler metrics) on Fano orbifolds. This includes the Lichnerowicz 
obstruction as a special case, although the role of the Bishop obstruction is 
currently rather more mysterious from this point of view. 

A natural question is how to extend these ideas to Sasaki-Einstein ge- 
ometry in general. In particular, how should one understand stability for 
irregular Sasakian structures? 
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Problem 7.1. Develop a theory of stability for Sasakian manifolds that 
is related to necessary and sufficient conditions for existence of a Sasaki- 
Einstein metric. 

An obvious approach here is to use an idea we have already alluded 
to in the previous section: one might approximate an irregular Sasakian 
structure using a quasi-regular one, or perhaps more precisely a sequence 
of quasi-regular Sasakian structures that converge to an irregular Sasakian 
structure in an appropriate sense. Then one can use the notions of stability 
for orbifolds developed in |90| . A key difference between the Kahler and 
Sasakian cases, though, is that one is free to move the Reeb vector field, 
which in fact changes the Kahler leaf space. Given that the Sasakian de- 
scription of obstructions to the existence of Kahler-Einstein orbifold metrics 
led to rather simple differentio-geometric descriptions of these obstructions 
in section [6j one might also anticipate that embedding Sasakian manifolds 
into spheres might be a beneficial viewpoint. That is, one takes the Sasakian 
lift of the Kodaira-type embeddings encountered in stability theory. 

It is just about conceivable that one could classify Sasaki-Einstein man- 
ifolds in dimension 5: 

Problem 7.2. Classify simply-connected Sasaki-Einstein 5-manifolds. 

We remind the reader that this has been done for regular Sasaki-Einstein 
5-manifolds (Theorem 12 .6p . This includes the homogeneous Sasaki-Einstein 
5-manifolds, and moreover cohomogeneity one Sasaki-Einstein manifolds are 
also classified by Theorem 14.21 The latter two classes are subsets of the toric 
Sasaki-Einstein manifolds, which are classified by Theorem 15.81 Indeed, re- 
call that the rank of a Sasakian structure is the dimension of the closure 
of the 1-parameter subgroup of the isometry group generated by the Reeb 
vector field. If a Sasaki-Einstein 5-manifold has rank 3 then it is toric, and 
so classified in terms of polytopes by Theorem 15.81 On the other hand, rank 

1 are regular and quasi-regular. Is it possible to state necessary and suffi- 
cient conditions for the orbifold leaf space of a transversely Fano Sasakian 
5-manifold to admit a Kahler-Einstein metric? We remind the reader that 
those simply-connected spin 5-manifolds that can possibly admit Sasaki- 
Einstein structures are listed as a subset of the Smale-Barden classification 
of such 5-manifolds in [21] ; many, but apparently not all, of these can be 
realized as transversely Fano links of weighted homogeneous hypersurface 
singularities. The most complete discussion of what is known about ex- 
istence of quasi-regular Sasaki-Einstein structures in this case appears in 
|29| . It is rank 2 that is perhaps most problematic. In fact, all known rank 

2 Sasaki-Einstein 5-manifolds are toric. This leads to the simpler problem of 
whether or not there exist rank 2 Sasaki-Einstein 5-manifolds that are not 
toric. This problem is interesting for the reason that none of the methods for 
constructing Sasaki-Einstein manifolds described in this paper are capable 
of producing such an example. 



51 



JAMES SPARKS 



Theorem 14.61 gives a fairly explicit local description of Kahler manifolds 
admiting a Hamiltonian 2-form. Using also Proposition 14.71 one thereby 
obtains a local classification of Sasaki-Einstein manifolds with a transverse 
Kahler structure that admits a transverse Hamiltonian 2-form. Via the 
comments in section 14.31 this implies the existence of a transverse Killing 
tensor. However, only in real dimension 5 have the global properties been 
investigated in detail, leading to Theorem 14.11 and Theorem 14.81 

Problem 7.3. Classify all complete Sasaki-Einstein manifolds admitting a 
transverse Hamiltonian 2-form. 
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